DEPARTMENT OF MATHEMATICS

TECHNICAL REPORT

GEOMETRIC ROOTS OF -1 IN CLIFFORD
ALGEBRAS ¢¢,, WITH p+ ¢ <4

Eckhard Hitzer
and

Rafat Ablamowicz

May 2009

No. 2009-3

TENNESSEE TECHNOLOGICAL UNIVERSITY
Cookeville, TN 38505




Geometric Roots of —1 in Clifford Algebras
Cl,, withp+q <4

Eckhard Hitzer and Rafal Ablamowicz

Soli Deo Gloria.

Abstract. It is known that Clifford (geometric) algebra offers a geometric
interpretation for square roots of —1 in the form of blades that square to minus
1. This extends to a geometric interpretation of quaternions as the side face
bivectors of a unit cube. Research has been done [1] on the biquaternion roots
of —1, abandoning the restriction to blades. Biquaternions are isomorphic
to the Clifford (geometric) algebra Cf; of R3. All these roots of —1 find
immediate applications in the construction of new types of geometric Clifford
Fourier transformations.

We now extend this research to general algebras C/, ,. We fully derive
the geometric roots of —1 for the Clifford (geometric) algebras with p+¢q < 4.
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1. Introduction

The British mathematician W.K. Clifford created his geometric algebras' in 1878
inspired by the works of Hamilton on quaternions and by Grassmann’s exterior
algebra. Grassmann invented the antisymmetric outer product of vectors, that
regards the oriented parallelogram area spanned by two vectors as a new type of
number, commonly called bivector. The bivector represents its own plane, because
outer products with vectors in the plane vanish. In three dimensions the outer

n his original publication [2] Clifford first used the term geometric algebras. Subsequently in
mathematics the new term Clifford algebras [20] has become the proper mathematical term. For
emphasizing the geometric nature of the algebra, some researchers continue [3,5,16] to use the
original term geometric algebraf(s).
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product of three linearly independent vectors defines a so-called trivector with
the magnitude of the volume of the parallelepiped spanned by the vectors. Its
orientation (sign) depends on the handedness of the three vectors.

In the Clifford algebra [16] of R? the three bivector side faces of a unit cube
{€185, €>€3,€3€1 } oriented along the three coordinate directions {€,és, €3} cor-
respond to the three quaternion units ¢, 7, and k. Like quaternions, these three
bivectors square to minus one and generate the rotations in their respective planes.

Beyond that Clifford algebra allows to extend complex numbers to higher di-
mensions [3,4] and systematically generalize our knowledge of complex numbers,
holomorphic functions and quaternions. It has found rich applications in symbolic
computation, physics, robotics, computer graphics, etc. [5,14,15,18]. Since bivec-
tors and trivectors in the Clifford algebras of Euclidean vector spaces square to
minus one, we can use them to create new geometric kernels for Fourier transfor-
mations. This leads to a large variety of new Fourier transformations, which all
deserve to be studied in their own right [5-13,26,28,29].

We will treat both Euclidean (positive definite metric) and non-Euclidean (in-
definite metric) vector spaces. We know from Einstein’s special theory of relativity
that non-Euclidean vector spaces are of fundamental importance in nature [17].
Therefore this paper is about finding square roots of —1 in a non-degenerate
Clifford algebra C¢, 4.

2. Clifford (geometric) algebras

The associative geometric product of two vectors @, be RP9 p+q = n is defined as
the sum of their symmetric inner product (scalar) and their antisymmetric outer
product (bivector)

@b=a-b+anb. (1)

We define [20] a real Clifford algebra C?, , as the linear space of all elements gen-
erated by the associative (and distributive) bilinear geometric product of vectors
of an inner product vector space RP9, p+ g = n over the field of reals R. A Clifford
algebra includes the field of reals R and the vector space RP*9 as grade zero and
grade one elements, respectively.

Clifford algebras in one, two and three dimensions have the following basis
blades of grade 0 (scalars), grade 1 (vectors), grade 2 (bivectors) and grade 3
(trivectors)

{1,€1, €5, €3, e3, €31, €12, €123}, (2)
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where we use abbreviations €190 = 5152,623 = 5253,631 = 5351,6123 = 5152(?3.
Every multivector can be expanded in terms of these basis blades with real coef-
ficients. We give examples for M € Cl, o, n=p+q=1,2,3:

M =« + péy, (3)
M':a+b1€1+b2€2+6e12, (4)
M" = o+ b€ + bés + b3és + crea3 + cae31 + czerz + Peras. (5)
The general notation for the quadratic form of basis vectors in RP¢ is:
o |41 for1<k<p,
ek_gk_{—l forp+1<k<p+qg=n -~ (6)

We therefore always have €, = e2 = 1, and we abbreviate Cl,, = C¥,, 5. We follow
the convention that inner and outer products have priority over the geometric
product, which saves writing a number of brackets. Therefore, @ - bé equals (a- b )¢
and not @ - (b2), etc.

We will frequently use the following basic formulas of Clifford algebra in the
rest of this work. The symmetric part of the geometric product of any two vectors
a, b is the inner product (contraction, scalar product)

%(aﬂ bd) = - b = (ab)o = (ab). (M)

Likewise the inner product (contraction, scalar product) of any two bivectors ¢, ¢/

is symmetric
1
/

led +ce)=c-d = (cc)o = cc). (8)

The antisymmetric part of the geometric product of any two vectors d, b is the
outer product (bivector)

1 - - - .
5(6b—bc’i) =dAb=(ab)s. (9)
The inner product (left contraction) of a vector @ with a bivector ¢ is antisymmetric

1
@-c= 5(dc—cd) = (doh- (10)
Let I,, = II}_, €, be the unit oriented pseudoscalar of C/, 4,n = p+q. Let A,, B, €
Cl, 4 be two blades of grade r and s, respectively. Then we have the following
general rules [18]. The inner product (left contraction [19]) is related to the outer
product by?
(A, - Bs)I,, = A, N (BsIy,), if r <s; (11)
(A, ANBy)I, = A, - (BsIp,), if r+s<n, r,s>0. (12)

2In order to avoid a discussion of deviating definitions of the inner product for r = 0 or s = 0,
we exclude scalars in (12), but depending on the definition of the inner product (or contrac-
tion), a single general formula for all grades exists. For example for the left contraction [19]
A, B € Clpq, A|B =3, ((A)r(B)s)s—r we have the two formulas (A A B)I, = AJ(BI,) and
(A|B)In = AN (BIy).
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Two blades A, B; € Cl), , are called orthogonal iff their inner product is zero
A1l By << A, -B;,=0. (13)
With (11) follows that for r <'s
A, LB, < A A(BJ,)=0 <= A, AB,=0, (14)

where B, = B.I; b is the dual of B, with ;1 = £1,,. Likewise (12) shows that
forr+s<n, r,s >0

A, L B, <= A, AB,=0. (15)

Example 1. Let 5,g € Cly q,p+q =3 be a vector b and a bivector ¢ with vanishing

outer product. Then by (15) the dual vector ¢ = ¢ is always perpendicular to b
independent of the signature of the underlying vector space RP? p+ q =3,

-

bAc=0 <= b-¢=0 <= bl¢c (16)

3. Geometric multivector square roots of —1

Definition 3.1 (Geometric root of —1). A geometric multivector square root (geo-
metric root) of —1 is a multivector A € C, , with

A% = AA = —1. (17)

An immediate application of this definition is the generalization of the famous
Euler formula to geometric roots A

¥4 = cos p 4 Asin . (18)
For example, Lounesto considers e.g. cos¢ + ejasing in C¢s in [20] on page 29.

Theorem 3.2. Every multivector square root A of —1 is subject ton+1 =p+q+1
grade-wise constraints:

A? = (AA) = —1, (19)
and
(AA), =0, 1<k<n, (20)
where (AA) denotes the k-th vector part of AA, and (AA) = (AA).

We point out that (AA) is identical to the scalar product A A of [3]. In the
following we call the scalar equation (19) the root equation of C¢, , and (20) the
constraints. Depending on the value of k, each k-vector constraint represents (Z)
scalar equations. We will sometimes conveniently split up a k-vector constraint
equation and still call the resulting partial equations constraints.
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4. Casen =1

We have two algebras C¢; and C¥ ;. There is only one basis vector €7 with square

& = e1. The two Clifford algebras are two dimensional with general elements

(multivectors)

o+ Bér, a, B €R. (21)
The square of such a multivector is
(a4 361)% = a? +18% +2a8¢, = —1, (22)
which has the scalar part (root equation)
o &% =1, (23)

and the vector part (constraint)
2ap¢e1 = 0. (24)
We see that the left hand side of (23) is always greater or equal to zero if e; = +1.

Therefore C¢; has no multivector square roots of —1. The vector part (24) is zero
if and only if

a=0 or [=0. (25)
If we try for Cly 1 and let o = 0, we get from (23) the root equation
1P =-leff=1ep=+1. (26)
If we try for Clp 1 and let 8 = 0, we get from (23)
a? =1, (27)

which is impossible for av € R. Therefore, when n = 1, the only geometric roots of
—1 exist in Cly; as
A= +e;. (28)

5. Casen =2

We have three central algebras Cly, C¢; ;1 and Cly 2. There are two basis vectors
ek, k € {1,2} with square e = . The three Clifford algebras are four dimensional
with general elements

a+b+PBers, b=Dbi1 +bs, b by, BER, bERM, ptg=2. (29)

The square of such a multivector is
(a+b+ PBen)? =a’+ b+ 3% €2, +2ab+2af8e1s+26(bAers)=—1, (30)

~ —_——
=—€1€2 =0
which has the scalar part (root equation),

o®+ b — B2e1e0 = —1, (31)

two constraints for the vector part

—

2ab = 0, (32)
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and the bivector part
20[ﬁ€12 =0. (33)

5.1. Casen =2, =0
Equations (32) and (33) are now always fulfilled by any b and 3. From (31) it
follows that
62 — 525152 = b%é‘l + bgfg — 525182 =—1. (34)
Multiplying each side of (24) by e1e2 gives the following root equation:
b} +03+1  for Cly,
B2 =bley +bie; + e =< b2 +b2—1 for O 4, (35)
—b% — b% +1 for 05072.

In Cls this includes, for by = by = 0, the solution A = +ey2, which also appears
in [20] on page 29.
52. Casen=2,a#0
If a # 0, then, according to (32) and (33), we have
b=0 and (=0. (36)
Inserting this in (31) gives
o’ =1, ac R\ {0}, (37)

which has no solution. Therefore, the root equation (35) describes already all
possible solutions.

6. Case n =3

We have four algebras Cls, Cls 1, Cly 2, and C¥lj 3 with a non-trivial center spanned
by the identity element 1 and the unit pseudoscalar ejs3. There are three basis
vectors €, k € {1,2,3}, with squares € = ;. The four Clifford algebras are eight
dimensional with general elements

a+b+c+feras, a,BER, b=b& + by + b3 € RP ptq=3, (38)

with
2

¢ = cre93 + coesy + cse1s € /\Rp’q, c1,c9,c3 € R, (39)
Setting the square of such a multivector to —1 gives
(o + b+c+ Be1s)® =a® + P+t 5% el +2ab + 2ac + 203e123

=—€1€2€3

+ be + cb+20beras + 20ceis = —1. (40)

=2bAc
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Grade-wise this results in the following set of constraints: For the scalar part (root
equation)

o+ b2+ ? — FPeqeges = —1, (41)
for the vector part,
ab + Bceias =0, (42)
for the bivector part
ac+ fbeiss =0, (43)

and for the trivector part
Oéﬂ6123 -+ g/\ Cc = (Oéﬂ + b101 —+ bQCQ -+ bgCg) €123 — 0. (44)

6.1. Casen=3,a=0
For o = 0, the four equations (41) to (44) simplify to the root equation

52 + Q2 - /82616263 = *1, (45)
and the three constraints
Beeizs = 559123 =bA c= (bic1 + baca + bzcg) €123 = 0. (46)

The expression bA ¢ = 0 means that b is in the plane defined by the bivector c,
which can also be written as

be=b-c. (47)
In three dimensions the bivector ¢ can also be represented by its dual vector
(perpendicular to the plane defined by c¢)

c1€1 + coés + c3€3  for CY3,

C1€1 + o€y — c3€3  for 062’17
6151 — 6252 — 0353 for 05172,
—6151 — 0252 — 8353 for 05073,

- 1 - - o
C = cejy3 = €1C1€1 + £2C2€2 + £3C3€5 = (48)

where we used e, = +1, k € {1,2,3} and hence 5;1 = ¢},. Therefore, independent
of the signature of the quadratic form, we have the following constraint

(bAC)erss =b-F=bicy +byca+bgecs =0 < bZ=bAG, (49)
ie., bl ¢, which should be compared with Example 1.

6.1.1. Case n =3, « =0, 8 = 0. The constraints are now given by a = 0, g = 0,
and (47) or (49). For w = 8 = 0 the root equation (45) further simplifies to

—1= [;2 —|—Q2 = b%&‘l + bgé‘g + b§€3 — 0?6263 — 636361 — 635152

a2 _ b+ 02 +03 — (2 +c2+c3)  for O,
b — b3 —b% — (i —c3—c3) for Cly o,

pogr _ [ RHB-b+(d+d ) for Cla,1,
—(b7 + b5 +b3) — (i + 3 +¢3) for Clys,

and (49). We now explain the geometric interpretation of the root equations (50).

(50)
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For Cl3 equation (50) means the perpendicular vectors b and & define a
quadric (a 6D hyperboloid) in RS. Or in other words, for a given vector b the
bivectors ¢ that lead to geometric roots of —1 are defined by all radial vectors ¢ of
a circle in a plane perpendicular to b with radius el =V1+ b2.

For Cl5 1 and Cly o the respective equations in (50) define quadrics of possible
solutions in the space R% = R? @ R3 of vectors b and dual vectors €.

For Cly 3 the respective equation (50) defines again a quadric of possible
solutions in the space RS = R3 1 R3 of vectors b and dual vectors & perpendicular
to b. The quadric in question can be pictured as a unit sphere in R. Geometric
roots of —1 exist only for vectors b with |5| < 1. The possible dual vectors ¢ are
the radial vectors of a circle defined by the intersection of a plane (with distance

b from the origin) with the R® unit sphere (centered at the origin).
6.1.2. Case n =3, a =0, 5 # 0. For 8 # 0, equation (46) simplifies to
c=0, b=0, (51)
while the root equation (45) gives
ﬁ2€1€2€3 =1. (52)

Because for real 8 € R\ {0} the square 3% > 0 is always positive, equation (52)
includes two constraints

ﬁ =41 and E1E2€83 = 1. (53)

This is only possible in C¢3 and C¥¢; 2, but not in Cly ; and C¥y 3. So for C?3 and
Cl, 2 we get the geometric trivector roots of —1 as

A= :‘:6123. (54)

6.2. Casen=3,a#0

We will see that no more geometric roots of —1 arise for the case o # 0. To prove
this is not trivial as we will see in the following.
For o # 0 we get from (42)

b= _L ceqa3, (55)
a
from (43)
_ B
c=—— bejas, (56)
a
and from (44)
bAc= (bier + bacy + bacs) €1z = —aferss. (57)

By squaring both sides of equations (55) and (56) we obtain

=2 2 (58)
T2 & Gz
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and
2B o
€= 2 b= e1y3. (59)
Inserting (59) into (58) yields
- ﬂ4 -
b2 = v b2, (60)
If b2 # 0, we get from (60) that
3% =a? and, therefore, = +a. (61)

6.2.1. Case n =3, a # 0, 8 = 0. For a # 0 and § = 0 equations (55) and (56)
further simplify to

b=0, c=0. (62)
Equation (57) is then trivially fulfilled. The root equation (41) reduces to
a? =1, (63)

which cannot be fulfilled for o € R\ {0}. Therefore no geometric roots of —1 exist
for « # 0 and 8 = 0.

6.2.2. Case n =3, a # 0, 3 # 0. We now insert (56) into (57) to get
- - 0 - -
b A\ (—gb 6123> = —0[56123 @ (b . b) €193 — a2e123

== & 2 = [%el,s. (64)

If a # 0, then also a? # 0 and therefore according to (64) b2 # 0. According to
(61) we now have 32 = o?. Inserting b2, ¢® and 2 into the root equation (41)
gives

o + o + el + alelyy = 207 (1 + elys) = —1. (65)
Because e%,; = —1 for Cl3 and C/; o, and efy; = +1 for Cly 1 and Cly 3, we get
from (65) the root equations

0= —1 for Cl3 and Cl1 o, (66)

and
4% = —1 for Clyy and Cly 3. (67)
For real a # 0 both (66) and (67) have no solution.

Therefore the only geometric roots of —1 for n = 3 are the ones found in
section 6.1.1 for « = 8 = 0, and in section 6.1.2 for « = 0, § # 0. No geometric
roots of —1 for n = 3 exist for a # 0.

The geometric roots of —1 of Cl, 4, n = p+¢q < 3 are summarized in Table 1
on page 20. We point out, that the root equation for n = 2, = 0 results from
simply inserting the case condition a@ = 0 of column two into the general n = 2
root equation (31). Likewise, the root equation for n = 3, = 8 = 0 results from
simply inserting the case condition &« = 3 = 0 of column two into the general
n = 3 root equation (41).
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7. Case n =4

We have five central algebras Cly, Cls 1, Cly o, Cly 3, and Cly 4. There are four
-2

basis vectors €,k € {1,2,3,4} with square €7 = e, € = 2 = 1, €295 = ez,
and e},; = 1. The five Clifford algebras are 16 dimensional with general elements

a—|—5+g+ﬂe123+(a’+5’+g’+ﬁ’9123)€4,

aaﬁa O/aﬁl € Ra
g: b€l + baés + bses, g/ = bllé'l + bl252 + bégg eRPI p+q =3,
2
C = C1€23 + coe31 + c3€q2, Ql = Cllegg + Cl2€31 + Cgelg S /\Rp,q. (68)

Setting the square of such a multivector to —1 gives:

c+ feros + (o' + v+ + B e123)és]?

[@+b+c

—(a+btc+Ben)’ + @+ + + 0 ews)es(a +0 +¢ + 5 ens)és
+(a+b+c+Bes)( +b + + 3 en3)és

+ (a Ny e123)64(a+b+c+5e123)

= (a+5+g+ﬂe123)2+(a +0 4+ + 4 8123)(0/—5/4-5—5/9123)54
F(a+btc+Berns) (@ +0 4+ + 5 es)é

(o' + 0+ +Fens)(a—b+c— Be)d

We therefore get

(@ +b+c+ Berss)
+ (& +0 + +Fens)a =0+ — 3 es)es =—1, (70)

and

(a+b+4c+ Bes)(@ + 0+ + B e123)8
—+ (OZ/+E/+Ql+/616123)(0475+Q7ﬁ8123)é’4 :0 (71)
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Multiplying out (70) gives
a?+ b0+ 32+ 3 elys + ead? — e b2 £ egd? — €4ﬁ’2 ey

+ 2ab + 2a¢ + 2a8 €193 + be + cb+ Bberas + Fe1asb + Seerns + Beinse
S

25/\g Qﬁgelzg 2Bcei2s
+ [’V + 'V 420/ —a/ B e123 + o/ B €123 —F'b €123 — ' €230
0 0 —243'b" eq23
7 177 Y ! !
+0'c =V - era3+ B erasc’|es = —1. (72)
—_———
25’@’ 0

This results grade-wise in the following set of equations. For the scalar part (root
equation)

a? + b0+ 32+ B2 elos + ead? — b2 £ egd? — 545’2 el = —1, (73)
the vector part of the Lh.s. in (70)
ab+ feeras +esbl - =0, (74)
the bivector part of the L.h.s. in (70)
ac+es0'c + (b — eaf'V) e1a3 = 0, (75)

and the trivector part of the Lh.s. in (70)
01,6 €123 —+ g/\ Cc = (01/6 —+ blcl + bQCQ —+ bgcg) €193 — 0, (76)

After multiplying both sides of equation (71) by (€;)~*

we get
aa’ + 00 +cc + B elyy +ab +a'b+acd +ac+ af eras + o' e
+ b + b + (86 + B'b) eras + F'cerns + B eras
+aa’ —bb+cc— BB ey — b+ ab +a'c+ ad + af e1as — o/ Berss
+bc—cb— (BV + B'b) erns + (B'c — B) e1a3 = 0. (77)
Simplification of (77), similar to (72), results in
200/ + 26 A +2¢- ¢ + 2ab + 2ac + 2 c + 203 ej23
426 Ac+2b-c +20cerns =0. (78)
Grade-wise we get from (78) the scalar part
ad’ +c¢- =0, (79)
the vector part
abl +b-¢ + fceras =0, (80)
the bivector part
bAY 4+ acd 4 a'c =0, (81)
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and the trivector part
aﬁ’ €193 + g/ Ac=0. (82)

Apart from the actual root equation (73) we have therefore the following set of
seven constraint equations

c-c =—ad, (83)

ab= —eb - ¢ — Beers, (84)
bl = —b- — fceras, (85)

ad +a'c=b Ab, (86)
ac+esa'c = (545’1_)7 — 65) €123, (87)
—gAg: —gAg:aﬂe1237 (88)
—H Ac=—cAb =af eps. (89)

The outer products of (86) with b and b give the following useful identities

ag/\g’—kalg/\Q:O(szggal;/\g’:ao/ﬁelgg, (90)
abl A +a'b Ae=0 G Wi Ac = ad ' ejas. (91)

The inner products (left contractions) of (84) with &’ and of (85) with b lead to

—

ab-b = —e, b - (5’ )P b (cern3) = 6(—5’ Ac)eqas & aBf ey,  (92)
—_———

—_——
0 (b Ac) e12s
S O ' 7 a7 (88) )
ab-b'=—b-(b-)—F'b-(cera3) =F'(-bAc)eras = aff ely3. (93)
—_—— —_———
0 (bAc)eras

We further contract each side of (87) from the left with ¢ to obtain
ac® +ed ¢
~~

—aao’

=c- [(e4B'V — ) ey23]

=4 (c A ) era3 — B(c A b) eras

88),(89

(89).(59) —e408"” elas + af® ely, (94)
or, equivalently,

2 2
ac® = aleso” —e4ff7 €2ys + 7 €ns]. (95)



Geometric Roots of —1 in Clifford Algebras C¥), , with p+¢ <4 13

For a # 0, we similarly contract each side of (87) from the left with ¢’ to obtain

ac-c +esald”®
~~
= - [(e4B'V — Bb) e123]
=e4f8 (' N 5’) eia3 — (< A E) €123

(90),(91) 2
= g4 e%% - 0//62 9%23» (96)
or equivalently (% = 1)
o =a [e40® + ﬂ/2 elyy — 43 €2ys). (97)

The inner product of (84) with b leads to
ab® = —e4b- (- ) —Bb- (ces)
— —
(bAB")-c! (bAc) e123
=ea(ac +a'c)- ¢ +af?ely
=esacd’ + el ¢ ¢ +af? elys
~~

—aa’

= a[s4g’2 e 32 e?ys] (98)

where we inserted (86) and (88) for the second equality. Assuming o’ # 0, equation
(98) leads with (97) to
ab? = egafes0’ + B €2y — e43% €293] — e40d” + 8% €245
2 2
= afa? —e4a’” + 240" €2y, (99)

The inner product of (85) with &' leads to

ab? =0 (E'Q') -4y - (ce1a3)
N—— N————
(B'Ab)-¢’ (V' Ac) e12s

2
= —(ad +a'c) - + af” ey

= —acd? —a'c- ¢ +af? el
—aa’
=al-c* +a + 7 ely), (100)

where we inserted (86) and (89) for the second equality. Assuming o’ # 0, equation
(100) leads with (97) to

- 2 2 2
ab’? = —aleqa® + 07 ely; — c4fBP e2ys] + aa’” + a7 elys

— 40 +e43% elys]. (101)

= afa’?
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Inserting (95), (98), and (100) into the root equation (73) for o # 0 we obtain (for

all o)

2, 12 2 2 .2 /2 712 /2 /2 2
o+ b7+ "+ PBelyg Hea” —egbT e — S elog

2 2 12 2 2 2 12 2 2.2 2 .2
= tesc” —eqa” + [T efg3 +eaa’” —eyf ey + 7 eTa3 + 07 el

+ 640/2 + 542/2 - 540/2 - 545/2 ef23 + €4QI2 - 545/2 e%zg
=02 4302 — 302 + 3e4¢”” + 3% €255 — 3e48" €255
=402 + 3e4]c” — e40® — B e2,4 + eaffP eyy] = —1,
If in addition o’ # 0 then with (97) we get for the root equation
02+ B2+ P4 Ry +eqa —eb? +esd” —esf” g
=4a*+0= -1,
Therefore, we have no solution for o # 0 and o' # 0.

7T1.n=4,a#0,a =0

In this case constraints (83) — (89) become

c-d =0,
ab= —e4b’ - — Beejas,
abl ==b- — F'ceas,
1o o
d==bAb,
«

ac = (e43'0 — b) e1a3,

—bAc=afes,

—b' Ae=af ens.

We further have from (92), (94), (95), (98), (100) the derived constraints
b =B elys,

& = 243" elyy + 2 elyy,

2 12 2 2
b* =euc” + 5 €123,

72 /2 /2 2
b'e = —c" + 37 efs3,

(102)

(103)

(104)
(105)
(106)
(107)

(108)
(109)

(110)

(111)
(112)
(113)

(114)
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We calculate from (108) that
a?c? = (4’ — D)2 €3y
= (B70° + B°0 — 2438V - b) ey
WO (52 4 B2 edys) + B(ead” + 57 €3) — 2648 (BB €das)] €
= (0" +eaf?) ey + 07+ 51— 224875
= %07 +eaf®) eday + (=07 +ea?) eday)” (115)
Inserting (112) in (115) we get
a?c? = e 4+ A (116)
If ¢> # 0 in (116) then
es0? =% +esc?, (117)
and the root equation (102) becomes with (112)
402 + 3e4[¢” — e1a® — B% edyy + €48 €2y3] = 4a? = 1, (118)

which has no solution for real o # 0.
If ¢ = 0 the root equation (102) becomes with (112) instead

402 4 3e4[c” — £40%] = o + 3e4d” = -1, (119)

which has again no solution for ¢/ 2.
For ¢ = 0 and ¢* # 0 (86) yields
ad =0 Ab = 2P = (U AB)?=(V b)% - b2 (120)
From (113) and (114) we can calculate the product 5262 as
20 = (—¢* + 87 edys) (cac’” + % edyy)
= —eac" + P (eaB” edyy — 7 edyy) + 525"
=—c2=0
= —e,dt + 3287 (121)
We now insert (111) and (121) in (120) to obtain

’2
2’ =207 et — 3207 = veud' L P =il (122)

Inserting this result into the root equation (119) yields again
402 = —1, (123)

which as before has no solution for real o # 0.
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72. n=4,a=0,a' #0
For o = 0 the root equation (73) simplifies to
B+ + B2 edyy + s’ —eab? +ead” —euff? edyy = -1,
The constraint equations (83) — (89) which have to be satisfied become
c-d =0,
b - ¢ = —eufc erss,

o /
b-c=—fFceis,

O/Q/ = (ﬂlgl — €4ﬂg) €1923.
Especially for o/ # 0 we obtain from (130) and (131) the constraints

1 - -
Q:f/bl/\b,
Q

1 - o
Ql = a(ﬁlb/ - 5455) €123.

(124)

(125)
(126)
(127)
(128)

(129)

(130)

(131)

(132)

(133)

It is obvious that with (132) equations (128) and (129) are then fulfilled, because

bAY Ab=0and b AD Ab=0.
Due to (134) equation (125) is also fulfilled

132) 1 - = = -
o OB —2 0 AB) - (37 — capb) eras]
1 =, — - — — —
= P[ﬂ/(b/ AbA b/) €193 — 64,8(()/ AbA b) 6123] =0.
Using (133) we now check the remaining (126) and (127)

-,

. 1 .
v.d = &b' [(B'Y — e4/3b) €123)

Lo 3 oo (130)
N — b'Ab = —
o 3 €123 — €403 e123] €4f3c ey23,

=0 =a'c

. 1~ - .
b-d = Jb' [(B'0" — €4/8b) €123]
1.7 & oo 130
= J[ﬁl bAD ejas —e4BbAD ea3] (129 —f'c e123.

—a'c =0

(134)

(135)

(136)

(137)
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Therefore, if the two constraints (132) and (133) are satisfied, all other necessary

equations are also satisfied and the root equation depends only on o', 3, 3, 5,
and b’ :

1 - -
B+ —(®' A b)2 + B2 €2y + £40"
—e4b? + €1 s (B U — e4fBb)? €2py — c43 7 €25 = —1. (138)

73. n=4,a=ad" =0
For a = o/ = 0 the root equation (73) simplifies to

b2+ 2+ B2 ety — eab® 4 e, — 54ﬁ'2 ety = —1, (139)
The constraint equations (83) — (89) which have to be satisfied become

d =0, (140)
V- = —e4fc eqas, (141)
b-c =—fc e, (142)
bAc=0, (143)
W Ac=0. (144)
VAb=0, (145)
BV = e43b. (146)

73.1. n=4,a=a =0, =0. For b = 0 the root equation (139) simplifies to
B+ ¢+ 3% edyy +eac” — 48 edyy = —1. (147)
The remaining constraint equations (140) — (146) which have to be satisfied become
c-cd =0, (148)
Bc =0, (149)
b =—fces, (150)
bAc=0, (151)
Bb =0 (152)

Case: =0, =0
Now only the constraints

c-c =0, g-g’z(), bA

e}
I
(en)

(153)
remain. And the root equation (147) reduces to

B2+ 4esd” = 1. (154)
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Case: 3=0,0" #0
Now only the constraints

c-d =0, b-d =—f'cems, bAc=0 (155)
remain. The second identity in (155) is equivalent to the constraint

1-
el eh (156)
We can check that based on (156) the other two constraints of (155) are also
satisfied

. 1 -
cd=—gFbdepld=—g7[b)Ad]en =0, (157)
=0
and
- 1 - oo -1 1 PN A N -1
b/\g:—@b/\[b ce123}——ﬁ[(b/\ ) -] efa; =0. (158)
Inserting 8 = 0 and (156) into (147) yields the root equation
1 -
B+ ﬁ (b-¢)? ety + 549/2 - 54ﬂl2 ely = —L. (159)
Case: §#0
Because of 3 # 0, the constraints (148) — (152) reduce to
b=0, c¢=0. (160)

and the root equation becomes
3% elas + ead” — 545,2 elp; = —1. (161)
732. n=4,a=a =0,b #0.
Case:l;:O,ﬂ:O
This reduces equations (140) — (146) to the constraints
=0, c¢cd=0V-d=0 = HAc=0, (162)
The root equation (139) becomes then
2 —egb? teyd? = 1. (163)

Case:g:O,ﬂ#O
This reduces the constraint equations (140) — (146) to
c-d =0, (164)

- €4 7 , 1

V' =—e4fcens = ¢ (165)

I
|
B
o
(¢}
-
%)
Y

B'c=0, (166)
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VAc=0. (167)

g =0 = B =0. (168)
Hence (166) is satisfied and we must only check (164) and (167). Inserting (165)
into (164) gives

cod =W e = (W) Al e = 0. (169)
ﬁ ﬂ N———

=0
Inserting (165) into (167) gives

b Ac VN - e =

5 (B AY) (] ergs] = 0. (170)
——

€

g
=0

The root equation (139) becomes now with constraints (165) and (168)

1 - 2

@( ) elyy + BPelyy —egb? +egd” = 1. (171)
Case:57é0,ﬁ:0
This reduces the constraints (140) — (146) to
c-d =0, (172)
v =0, (173)
b-c =—fc e, (174)
bAc=0, (175)
W Ac=0, (176)
VAb=0 = b =~b, veR\{0}, (177)
g =0 22 g—0 W §.0—0. (178)
Constraints (172) — (178) are equivalent to (y € R\ {0}
c-d=0, bAc=0, b-d=0 bU=4b B =0, (179)
The root equation (139) then becomes
(1—5472)52+Q2+54g'2 =—1. (180)
Case: b#0, 3£ 0
We obtain from (146) that
BV =e b = B #0 and b’—£4§/ (181)
which automatically takes care of (145). We further calculate from (142) that
1=
c= b-c erpy (182)

B
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We now check the remaining four constraints (140), (141), (143), (144) for consis-
tency. Due to the proportionality (181) of b and b’, (143) and (144) are seen to be
equivalent. Inserting (182) into the right hand side of (141) gives

~1)- - -
—54ﬂ(ﬂ/)b-g’ €ly3 €123 = 54%()@’ (18 b - (183)
Inserting (182) into (140) gives
1 - 1 -
cd=-ghd €3] ¢ = — (b)) e = 0. (184)
=0
Finally inserting (182) into (143) gives
1 ' T 1 — —
b/\g:—ﬁb/\[b ¢ era) —f@[(mb) '] elo5 = 0. (185)
=0

Everything is therefore consistent and with the constraints (181) and (182) for b’
and ¢ we get from (139) the root equation

B 1
BB
This concludes the discussion of n =4, a = o’ = 0.

Table 2 on page 22 lists all geometric roots of —1 of C¢,, ;, n =p+q = 4. We
point out, that similar to Table 1, also in Table 2 all root equations of the third

column result from the general n = 4 root equation (73), simply by inserting the
case conditions and constraints of columns one and two.

(1 — &4 )6’2 + (5 7/)2 8%23 + ﬁQ 8323 + 842/2 — 846/2 8323 = —1. (186)

8. Conclusions

Table 1 lists all geometric roots of —1 for Clifford algebras Clp, 4, n = p+q < 3,
and Table 2 does the same for Clifford algebras Cl, 4, n = p+ ¢ = 4. The content
of both tables has been checked with the MAPLE package CLIFFORD [22]. The
solutions for Cf3 included in Table 1 correspond to the biquaternion roots of —1
found in [1].

Overall the calculations and the results demonstrate how in Clifford algebras
extensive calculations can be done without referring to coordinates [3,23]. In the
case of C?¢, ,, n = p+ g = 4, we arbitrarily selected one non-isotropic vector €}
for suitably splitting the algebra in order to use well developed techniques for
algebras Cl, 4, n = p+q = 3. In the end it is always possible to express the results
in coordinates as in Table 1. However, this considerably blows up the expressions
and blurs the mostly p, g-signature independent form of the root equations of the
families of geometric roots of —1. In the case of Clp, 4, n = p+ ¢ = 4, in Table 2,
we have not expressed the results in coordinates, because then the table would
extend over several pages.

Open questions are:
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TABLE 1. Geometric roots of —1 for Clifford algebras C?¢,, 4, n =
p + q¢ < 3. The multivectors are denoted for n = 1 by a + fei,
for n =2 by a + b1€] + ba€s + PBero, and for n = 3 by o + b€1 +
b€y + b33 + c1eg3 + coe31 + czejp + feqas.

n Cases Solutions A and root equations

1 no solution for C¢q
A= :I:e1 for C£011

2 a=0 (B2 = bley + biey + €162
bP+b3+1  for Cly
f2=< —bI+b3—1 for Cly,
7b% — b% +1 for C£072
a#0 no solution
3 Constraint: 0=>bA ¢ =bic1 + baco + bses
a=0=0 1=+

—-1= b%&l + b%&g + b%&g — 6%5253 — 036381 — 036162
b+ b3+ b3 — (C%+02+c3) for Cts

b2 — b3 —b3 — (2 — 62 —c2) for Cly 5
b3+ b3 —b3 + (2 + 02 —c2) for Cly,
—(b% + b% + bg) ( 2 2) for Cfo,g

ci+ 02 +c3
o = 0, ﬁ 7& 0 A= :|26123 for ng, C€1’2

no solution for Cly 1, Cly 3

1=

a#0 no solution

How can the graded structure of Cf,, be used best in the calculation of
higher order geometric multivector square roots of —1? This also includes
a question how to best use, for this type of computation, invariance of the
equation AA = —1 under Clifford algebra (anti) automorphisms such as
grade involution, reversion or conjugation, and under symmetries of the root
equation. For example, under the grade involution,

AA=—-1 < AA=-1. (187)
Another example would be a rotor R symmetry
AA = (AA) = -1 «— (188)
RMARR AR = (R"'ARR™'AR) = (R"'AAR) = (AA) = —

The interesting relationship with families of idempotents of Clifford geometric
algebras [21].
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TABLE 2. Geometric roots of —1 for Clifford algebras C?l,, 4, n =
ptq= 4. The multivectors are denoted by o + b+ ¢ + Feja3 +
(o +b0 + ¢ + B e123) €4, for details see (68) in the text.
Case Subcase / Constraints | Solutions and root equations
a#0 no solution
a=0, c= %q’ Ab, b + 2 (0 Ab)% + B2 €2y + e40’” — e4b?
o 75 0 g/:$(ﬂ/b/—54ﬁb) €123 +&4 al,g (6’[)/ — €4ﬂb)2 8%23 — 846/2 8%23
=1
a=0, |B=F4=0
o' =0, c-d=0, 0?42 e =1
=0 b-c/=0,bAc=0
B=0,6#0
c=—pbc ey b® + g (b ) elys + ead” — a3 ety
=-1
B#0
b= 0, ¢=0 B? elys + 649/2 - 545/2 elo3 = —1
a=0,|b=08=0
o =0,| B=0 cc=0 |E—eb?+esd®=-1
b #£0 o-cd=0, ¥YANc=0
b=0,6+#0
c=-—30b-¢ €3, ﬁg(b/ )% €3y + 3% €3py — eab? + 4
B = =1
b#0,3=0
c- =0, B =0,
bAc=0, b-c =0, (1—5472)b2+22+54g’2 =1
b =~b, v €R\{0}
b#0,8#0
- - 2 o, —
pr#0, 0 = €4§b7 (1- €4%)b2 + gz (b- ) elys + 5% elyy
€= 7% b epy teud? — st elyy = —1

e What is the relationship with combinatorics?
e Expansion of this work to Clifford algebras C¥,, in arbitrary dimension
n = p + q. For this purpose, it will be appropriate to use the modulo eight
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periodicity of Clifford algebras and the isomorphisms with matrix rings. Cen-
tral elements squaring to —1 would be of particular importance as then they
can be used in place of the imaginary 4.

e The further use of Clifford algebra computation software like CLIFFORD for
MAPLE and other packages [22,24,25].

Of special interest in physics are the Clifford algebras of Minkowski space-
time, sometimes called [17] space-time algebras Cl3, and Cl; 3. Table 2 contains
the complete set of all geometric roots of —1 for these algebras, so in particular all
possible geometric multivector elements that may take on the role of the imaginary
unit 7 in quantum mechanics, which is e.g. fundamental for the description of spin
and for wave propagation.

Finally, the door is now wide open to construct all possible new types of
Clifford Fourier transformations (CFT) [26] for multivector fields with domains
and image domains ranging over the full Clifford algebras involved or subalge-
bras and subspaces thereof. In particular all known Fourier transformations will
find their place in this new general framework. The close relationship of wavelet
transformations [27] and windowed transformations [28] to Fourier transformations
shows that also in these fields new mathematics is to be expected.

Examples of CFTs working with non-central replacements of the imaginary
unit ¢ are the quaternion FT (QFT) [5,13,14,29], and the CFT [9,12] where 4
is replaced by pseudoscalars in C¢,,n = 2(mod4). This shows that in principle
every geometric root of —1, be it central or not, gives rise to its own geometric
FT. Regarding the non-central geometric roots of —1, the example of the QFT
shows that the non-commutativity may indeed be of advantage for obtaining more
information about the symmetry and the physical nature of signals thus processed.
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