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the underlying Z,-grading is also given. The existence of an arbitrary bilinear form
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1. Introduction

The formalism of Clifford algebras allows wide applications, in particular, the prominent
construction of spinors and Dirac operators, and index theorems. Usually such algebras
are essentially associated to an underlying quadratic vector space. Notwithstanding,
there is nothing that complies to a symmetric bilinear form endowing the vector space [2].
For instance, symplectic Clifford algebras are objects of huge interest. More generally,
when one endows the underlying vector space with an arbitrary bilinear form, it evinces
prominent features, especially regarding their representation theory. The most drastic
character distinguishing the so called quantum and the orthogonal Clifford algebras
ones is that a different Z,-grading arises, despite of the Zs-grading being the same,
since they are functorial. The most general Clifford algebras of multi-vectors [3] are
further named quantum Clifford algebras. The arbitrary bilinear form that defines the
quantum Clifford algebra defines a Z,-grading, which are not solely suitable, instead
hugely necessary. For instance, it is employed in every quantum mechanical setup. In
fact, when one analyzes functional hierarchy equations of quantum field theory, one
is able to use Clifford algebras to emulate the description of these functionals. At
least the time-ordering and normal-ordering are needed in quantum field theory [4],
and singularities due to the reordering procedures such as the normal-ordering, are no
longer present [5]. Quantum Clifford algebras can be led to Hecke algebras in a very
particular case [6] and this structure should play a major role in the discussion of the
Yang-Baxter equation, the knot theory, the link invariants and in other related fields
which are crucial for the physics of integrable systems in statistical physics. Moreover,
the coalgebraic and the Hopf algebraic structure associated to those algebras can be
completely defined [7, 8.

From the physical point of view, there can be found a list of references containing a
non symmetric gravity theory, and some applications. For instance, the rotation curves
of galaxies and cosmology, without adducing dominant dark matter and identifying dark
energy with the cosmological constant, can be obtained [9,10], by just considering the
spacetime metric to have symmetric and antisymmetric parts. Besides, a gravitational
theory based on general relativity was formulated and discussed in [9,10], concerning
non symmetric tensors playing the role of the spacetime metric.

This paper aims to provide a complete classification of algebraic spinor fields in
quantum Clifford algebras, also in the context of their representations. It is organized
as follows: in Section 2, the Clifford and spinor bundles are revisited; in Section 3,
the bilinear covariants and the associated spinor field classification are recalled; and
in Section 4, the correspondence between the classical and the algebraic spinor fields
is obtained. In Section 5, the quantum algebraic spinor fields and some important
properties are introduced and investigated. In Section 6, the spinor field classification,
according to their bilinear covariants, is accomplished in the quantum Clifford algebraic
formalism. The spinor field disjoint classes that encompass the Dirac, Weyl, Majorana
— the flagpoles — and the flag-dipoles are shown to reveal a dramatic alterations with
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potentially prominent physical applications. In Appendix A we show explicitly a
complete set of primitive and orthogonal idempotents in C ® Cfﬁg and a spinor basis
in a minimal ideal Sp = (C® Cgﬁg)fB while in Appendix B we calculate each part of a
B-spinor (Y) (fs) € Sp.

2. Preliminaries

Let V be a finite n-dimensional real vector space and V* denotes its dual. The exterior
algebra AV = @}, /\k V' is the space of the antisymmetric k-tensors. Given ¢ € AV,
the reversion is given by ¢ = (—1)*/24), where [k] corresponds to the integer part of k.
If V is endowed with a non-degenerate, symmetric, bilinear map g : V. x V — R, it is
possible to extend g to A V. Given ) = alA---Aa* and ¢ = b'A---Ab! fora’, b/ € V,
(¥, ¢) = det(g(a’, b)) if k =1 and g(¢),¢) = 0if k # . Given ¢, ¢,& € AV, the left
contraction is defined implicitly by ¢(¢ 2¢,€) = g(¢, 0 A €). The right contraction is
analogously defined by g(¢)L ¢, &) = g(¢,0 A €). The Clifford product between w € V
and ¢ € A\ V is given by wi = wAY+w 1. The Grassmann algebra (/\ V, g) endowed
with the Clifford product is denoted by C¢(V, g) or CY, ,, the Clifford algebra associated
with V ~ RPY p+ q=n.

By restricting to the case where p = 1 and ¢ = 3, the Clifford and spin-
Clifford bundles are briefly revisited [11,12]. Denote by (M, g,V,7,, 1) the spacetime
structure: M is a 4-dimensional manifold, g € sec TY M is the metric of the cotangent
bundle (in an arbitrary basis ¢ = gagdz® @ dz”), V is the Levi-Civita connection of
g, Tg € sec /\4 TM defines a spacetime orientation and T is an equivalence class of
timelike 1-form fields defining a time orientation. F'(M) denotes the principal bundle
of frames, Pgo; , (M) is the orthonormal frame bundle, and Fsos, (M) the orthonormal
coframe bundle. Moreover, when M is a spin manifold, there exists Pgyine (M) and
Pspmgﬁ(M ), respectively called the spin frame and the spin coframe bundles. By
denoting 7 : Psping , (M) —FPsos (M) the mapping in the definition of Rsping (M), a
spin structure on M is constituted by a principal bundle 7, : Pspmia(M ) — M, with
group Sping 3, and the map r : Pspine , (M) — Psos (M) satisfying:

(i) 7(r(p)) = m(p), VP € Psping (M), where 7 is the projection map of the bundle
Psos ,(M).

(ii) r(pg) = r(p)ads, Vp € Psping,(M) and ad : Spinj; — Aut(Cli3), ady @ w —
dwel € Cly 5 [11,12].

Sections of Pso¢ , (M) are orthonormal coframes, and the ones in Pspins , (M) are also
orthonormal coframes — two coframes differing by a 27 rotation are distinct and two
coframes differing by a 47 rotation are equivalent. The Clifford bundle of differential
forms Cl(M, g) is a vector bundle associated to Pspine (M), having as sections sums
of differential forms — Clifford fields. Furthermore, C¢(M,g) = PSO?B(M) Xad' Cli s,
where Cl; 3 ~ Mat(2, H) is the spacetime algebra. The bundle structure is obtained as:
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(a) Consider m. : CU(M,g) — M be the canonical projection and {U,} is an open
covering of M. There are trivialization mappings v; : 7, (Us) — U, X Cly 3 of

the form ¥4(p) = (7e(p), Yax(p)) = (¥, %ax(p)). If 2 € Uy NUs and p € w7 (z),
therefore

wa,m(p) = haﬁ(z)wﬁ,m(p)> (1)

for hog(x) € Aut(Cly 3), where hop : UsNUg — Aut(Cl, 3) are transition mappings.
As every automorphism of C/; 3 is inner, thus

hap()15.0(P) = Gas(2)Paa(p)aas(z)

where a,5(z) € Cly 3 is invertible.

(b) The group SOf 3 is extended in the Clifford algebra C?;3: in fact, as the group
Cl1 3 C Cly 3 of invertible elements acts on Cf;3 as an algebra automorphism
through by its adjoint representation, a set of lifts of the transition functions of
CU(M, g) is constituted by elements {aqs} C Cl} 4 such that if ady(7) = ¢p7¢~", for
all 7 € C/; 3, hence adaaﬁ = hag.

(c) As Spin{s = {¢ € C} 4| ¢b = 1} ~ SL(2,C) is the universal covering group for
SO7Y 3, accordingly o = Ad|spmi3 defines a group homeomorphism o : Spinj; —
SOf 3 which is onto and has kernel Z,. Since Ad_; equals the identity map, thus
Ad : Spinj 3 — Aut(Cl; 3) descends to a representation of SOf ;. One denominates
ad’ this representation, namely ad’ : SOf 3 — Aut(Cly3). Thereon one denotes
ad,yw = adgw = pwo™.

(d) The group structure associated to the Clifford bundle C¢(M, g) is reducible from
Aut(Cl 3) to SOz The transition maps of the principal bundle of oriented
Lorentz cotetrads Fsos (M) are regarded transition maps for the Clifford bundle.
Thereupon it follows that CU(M,g) = Psos, (M) Xaq Cli3, meaning that the
Clifford bundle is a vector bundle associated to the principal bundle Fsoq (M)
of orthonormal Lorentz coframes. In a spin manifold we have Cl(M,g) =
Pspmia(M ) Xada Cl1 5. Consequently, spinor fields are sections of vector bundles
associated with the principal bundle related to spinor coframes. Dirac spinor fields
are sections of the bundle S(M, g) = Pspins , (M) x,C*, with p the D1/20) g p(O:1/2)
representation of Spin{ ; = SL(2,C) in the space of endomorphisms End(C?).

3. Bilinear covariants

This section is devoted to recalling the bilinear covariants. In this article all spinor fields
live in the a 4-dimensional spacetime (M,n, D, 7,,T) which locally has the Lorentzian
metric 7(d/0z*,0/0z") = n,, = diag(l,—1,—1,—1). Hence forward {z#} are global
coordinates adapted to an inertial reference frame ey = 9/92°, and e; = 9/9z,
i = 1,2,3. Moreover, the set {e,} is constituted by sections of the frame bundle
Psog, (M), related to a set of reciprocal frames {e/} satisfying n(e”,e,) := e" e, = df.
Let {6"} [{6,}] be bases dual to {e,} [{e"}]. Classical spinor fields are elements of
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the carrier space associated to a D1/29 @ D(1/2) representation of SL(2,C), namely,
sections of the vector bundle Pspmi . (M) x, C*, where p stands for the above mentioned
DU/20) g DO1/2) representation. In addition, the classical spinor fields carrying the
DU/20) or the D(©1/2)) representation of SL(2,C) are sections in the vector bundle
Pgpins , (M) x,» C?, where p' stands for the D1/20 or the D®!/?) representation of
SL(2,C) in C?. Given a spinor field ¢ € sec Pgping (M) %, C*, the bilinear covariants
may be taken as the following sections of the exterior algebra bundle A T'M:

o=900, T =000 =P8, S = S.,0" = JTinubdt A6,

K = K,0" = ¢"0in01237, 00",  w = —¥"0701239. (2)
Furthermore, the set {14, Y., VY YV Ve, YoV17273} (1, v, p =0,1,2,3, and p < v < p)
is a basis for M (4, C) satistying [13] 7,7 + 77, = 21,14 and the Clifford product is
denoted by juxtaposition [11,12].

Concerning the electron, described by Dirac spinor fields (classes 1, 2 and 3
below), J is a timelike vector corresponding to the current of probability. The bivector S
represents the intrinsic angular momentum distribution, and the spacelike vector K
provides the direction of the electron spin. The bilinear covariants satisfy the Fierz
identities [13-15]

J2=w?+0? K*=-J) JLK=0, JAK=—(w+ 0723)S. (3)

When w = 0 = o, a spinor field is said to be singular.
Lounesto [13] has classified spinor fields into the following six disjoint classes. In
the classes (1), (2), and (3) below it is implicit that J, K and S are all nonzero:

1) 0#0, w#0
2) 0 £0, w=
3) 0=0, w#0
4) co=0=w, K#0, S#NO0.
5) c=0=w, K=0, S#0.
6) c=0=w, K#0, S=0.

Spinor fields of types (1), (2), and (3) are called Dirac spinor fields for spin-1/2 particles
while spinor fields of types (4), (5), and (6) are called, respectively, flag-dipoles, flagpoles
and Weyl spinor fields. Despite J # 0, for these three types the vectors J and K are
always timelike. Furthermore, a complex multivector field can be introduces as [13]

Z =0+ J+1S + 1Kv123 + w0123, (4)

where the multivector operators o, w, J, S and K satisfy the Fierz identities. It is
denominated the Fierz aggregate. Moreover, if vZ1yy = Z, Z is called a boomerang.
With respect to a singular spinor field (w = 0 = o), the Fierz identities are replaced by
the more general conditions [14]

Zy 7 =4J,2Z, 7% =407, ZivuZ =48, 7,
Z’}/(]lggZ = —4(4)Z, Z’l.’}/(]lgg’}/‘uz = 4K“Z (5)
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4. Classical spinors, algebraic spinors and spinor operators

Given an orthonormal basis {e,} in R'3  an arbitrary element of C?; 3 is written as
U =0b+b'e, +0"eu + 0" €0 + peoi2s, (6)

From the isomorphism Ct; 3 ~ M(2,H), in order to obtain a representation of C?; 3, a
primitive idempotent f = (1 + ¢o) is used. An arbitrary element of the left minimal
ideal C?; 3f is given by

Q= (al + a2623 + a3631 + a4612)f + (a5 + a6623 + a7631 + a8612)60123f,

If weset Q=Vf e Clsf, then
Al = b4 10, a? =B 40, P = —ptB 08 gt = 12 012,

a5 — —6123 +p, aG — bl o bOI, a? — b2 o 602, a8 — b3 o 603‘

In fact, although C/;3f is a minimal left ideal, it is a right H-module, therefore the
quaternionic coefficients should be written to the right of f. Let ¢; and ¢o be two
quaternions

g1 = al + a2623 + a3631 + CL4612, go = Cl5 + a6623 + a7631 + a8612 cH (7)

where K = fCl 3f = spang{l, ess, es1,e12} = H. The quaternionic coefficients ¢1, g2
commute with f and with eg123 thus fq1 +e0123fq2 = q1.f +q2€0123f. The left ideal C?; 3 f
is a right module over K and as such its basis is { f, ep123f }. By denoting i = ea3, j = €31,
and € = ej9, in the representation

1 0 0 i 0 j (0 ¢
eo=<0 _1>,€1=<i 0)’62:<j 0)’63_<E 0>>(8)

the elements f and eg123f are represented as [f] = (1) 8 and [ep123f] = < (1) 8 )
Thus, any element U € C¥; 3 can be represented as the following quaternionic matrix:
b+ b0+ (b7 + b7%)i =01 —p+ (b +0%)it
— (0" +0")j + (b2 +072)e (0P 4 0%%)) + (0° + bP)E
_ < Q1 g3 ) . (9)
p— b2 4 (b — b b— 10+ (b — 123)iy o

—l—(62 _ bO2)j + (b?’ _ bO3)g (6013 _ bl3)j + (bl2 _ 6012)E
Spinor fields were constructed by differential forms by Fock, Ivanenko, and Landau in
1928 and also in [13]. A spinor operator ¥ € O/, is written as

U=b+ b e, + peoi2s, (10)
which in the light of (9) reads

i b+ 0¥ — by + b A e S e S N A PR
o po0123 _ 014 _ 602j — 03 b+ b2 — b13j + b2 o
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60123

where = p. Now, the vector space isomorphisms

Cfig ~ CE&O ~ Cngé(l —+ 60) ~ C4 ~ H?

give the equivalence among the classical, the operatorial, and the algebraic definitions
of a spinor. In this sense, the spinor space H? which carries the D1/29) g D(©0:1/2) op
DU/20) or DO1/2) yepresentations of SL(2,C) is isomorphic to the minimal left ideal
05173%(1 + eg) — corresponding to the algebraic spinor — and also isomorphic to the even
subalgebra Cffg — corresponding to the operatorial spinor. It is hence possible to write
a Dirac spinor field as

G —q ] = G —GQ2 LOoY) (a0
2 @ 2 @ 0 0 g2 0
b_l_b23i_b13' —l—blzf
~ < i bO?Jj T | €Ctaf ~HOH, (11)

Returning to (10), and using for instance the standard representation,

() (e ) () e () 2)

the complex matrix associated to the spinor operator ¥ looks as follows:
b+0b%i —bB 4+ b2 -2 4 p0y 02 4 034

b3 + b% b— b3 =092+ 0% —p -0

60123 _ bmi _bO2 _ bO3Z~ b + bz3z~ _bl3 + blzi

b2 — b934 p+ 00 b3 + b1 b— b3

o1 —¢5 —¢3 @

b2 P —Ps —@3

¢z —¢y P11 —93

¢a 3 G2 O]

The Dirac spinor # is an element of the minimal left ideal (C ® C¥¢; 3)f where

4] =

f=3(1+eo)(1+ie) (13)
is a primitive idempotent that gives the Dirac representation (instead, one could set
f = i(l + ’é€0123)(1 + 'é€12), (14)

that would give the Weyl representation). In this standard Dirac representation, the
basis vectors e, are sent to v, € End(C*) (see (A.3) in Appendix A). Therefore,

w = @%(1 + ’é’}/lg) c (C X Cng)f

where ® = <I>%(1 +70) € Cly3(1 + ) is twice the real part of ¢ [13, Sec. 10.3]. Using
this representation it follows that

¢ 0 0 0 $1

| é00 0 K \
P o és 0 0 0 S (C ® Cng)f ~ s e C. (15)
¢4 0 0 0 P4
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Thus, the above allows for identifying the algebraic spinor fields with the classical Dirac
spinor fields.

5. Quantum algebraic spinor fields

An arbitrary bilinear form B : V x V — R can be written as B = g + A, where
g=3(B+ B") and A = £(B — B"). Specifically, we let

0 Aot Aoz Aos
—Apr 0 Ap Anz
—Apz —Ap 0 Ay
—Aops —Aiz —Az 0

g =diag(l,—-1,—-1,—1) and A=

Let u,v,w € V. The form defines an annihilation operator I,(v) := ugv = B(u,v)

which is extended to A V. Given ¢,¢ € AV, the annihilation and creation operators
I,,E,: NV — AV are respectively defined as

L@ Aw) = (u @) AU+ A (uge),

E(¢) =un (16)
where QAS denotes the grade involution of ¢. The maps in (16) induce a Clifford map
Ty=FE,+1I1,: \V — A\V satisfying

Lyol, +T, 0L, =2g(u,v),

[,ol, —T,ol, =2(Turn, + A(u,v)), (17)
where A(u,v) = U Since I';, o ')y = [ypw + B(u, v), namely (uv)p = u A v + B(u,v),
the equations above can be written as
(uv)p + (vu) g = 2¢g(u, v)1, (uv)p — (vu)p = 2(u A v+ A(u,v)), (18)

showing that the antisymmetric part A defines another Z,-grading. Here, (uv)p denotes
the Clifford product between u and v in C¢(V, B). Indeed,

(uw)p :=uwv+ A(u,v)l =uAv+ g(u,v)+ A(u,v) =uAv+ B(u,v),

where wv denotes the Clifford product between u and v in Cl(V,g). Thus, there is

another exterior product — the dotted wedge [13] — A induced by A: uAv = uAv+A(u,v).
In general, the A-induced Z, grading is given by /\2kV = /\0 Vo--- @ /\% V' and
ATV = ANV ea e AZT Y

Given u,v,w € V and ¥ € C¢(V, g), the B-products — namely, the Clifford product
induced by the arbitrary bilinear form B — between one, two, and three vectors and

arbitrary multivectors are provided, respectively, as follows:
(Uw)B = Uw + Uj%
[(wv)d]p = wvip +u(v 1v) —v A (ua9) +u g (vay),
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(wvw)y]p = wowyp + wv(w 4) —uw(u ) +wA (wa (v 1)) +ulv 3 (w4 y))

—v A (ij)w—l—v/\w/\ (ij) —vA (ung(ij)) +Uj((?}jw)w)

—v A (Uj(’wé’l/})) — (wju)vw— (vjw)uw. (19)
In (15) we used the minimal ideal provided by the idempotent

f=114%)(1+imy) = §(1 4+ + iny2 + 9%07172)-

Now, in C¢(V, B) the formalism is recovered when we consider the idempotent

fp =1L+ +in %2 +i% M 1) (20)
where we let N = (M172) B, 0, 0 = (Y01172) B, etc. in CU(V, B). The formalism

for CU(V, B) is mutatis mutandis obtained, just by changing the standard Clifford
product 7,7, to

’Y,uB’}/V = TV + A,uz/ (21)

The last expression is the prominent essence of transliterating C¢(V, B) to C¢(V, g). For
instance, (15) evinces the necessity of defining

f=31+%)1+iny) € CUV,qg). (22)
Now, in C® Cffg we have
fe =301+ 70) (1 +im 72)

= i(l + 7)) (1 + iy1y2) + ﬁ(Alz + A1270 — Aooyi + Aoie). (23)
Herein we shall denote
fe=1f+f(A) (24)

where f(A) = £(A1z + A2y — Aoz + Aoe).
In the Dirac representation (A.3), the idempotent f in (22) reads

1 0 0 O
00 0O
/= 0000
00 0O
and as
M, 02 = Y72 + Ap1v2 — Ao + A2, (25)
one can substitute it in (24) to obtain
1 0 0 O
00 0O
2=100 0 0
00 0O
2’éA12 0 0 —'éA02 - AOl
1 0 21 A —iAgp+ A 0
4 . 1A12 1Ap2 01 (26)
4 0 ZA(]Q‘I‘A(H 0 0

1 A2 — Ao 0 0 0
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When A,, = 0 it implies that B = g and the standard spinor formalism is recovered.
Let us denote by Cfﬁg the Clifford algebra C¢(V, B), where V = R* and B = n + A,
where 7 denotes the Minkowski metric.

An arbitrary element of Cffg is written as

Vg =c+ v+ () B + A (e) B + P(Y07273) B- (27)
By using (21, 25), (27) reads
VY =0+ A + (A + App e + Avpin) + PP A (Voo + Apo) (28)

where 1 is an element in the standard Clifford algebra Ct; 3 of the form given by (6).
Herein we shall rewrite (28) as

Y =1 +¥(A) (29)

where it indicates that an arbitrary element of C¢’; is written as the sum of an arbitrary
element of C/; 5 and an A-dependent element of C; 5, where )(A) € A’ VeN VBA* V.
Furthermore, we denoted above

Y(A) = (" A + pe?7 A Ape) + P (A, + Apve + Avpyn) + PP Avpe (30)

where €77 denotes the Levi-Civita symbol.

An algebraic B-spinor is defined to be an element (wB)B(fB) of a minimal left ideal
(C® Cfffg)fg generated by a primitive idempotent fz in C® C’Effg. In Appendix A, we
discuss primitive idempotents in C®C’€§3 which give an orthogonal decomposition of the
unity and we calculate a basis for the ideal (C ® C¢7;) fp. Now, by using (24) and (29),
and remembering that the usual Clifford product in C/; 3 is denoted by juxtaposition,
any algebraic spinor can be written as

(¥n) (f5) = (0 -+ 0(A)) (f + F(4))
=0 fHU(A) fu f(A) +B(A) f(A) (31)

Here upon we shall denote by s the scalar part ¢** A, + pet** A, A,s of ¥(A) in (30).
Each term in (31) is explicitly calculated in Appendix B.

6. Spinor field classification in quantum Clifford algebras

In order to provide physical insight into the mathematical formalism presented in the
context of the spinor fields classification, the formalism presented in Section 3 is now
analyzed in the context of the quantum Clifford algebra C¢(V, B). In particular, we aim
to describe the correspondence between spinor fields in C¢(V, g) and the quantum spinor
fields, or the B-spinor fields, in C¢(V, B) where V' denotes the 4-dimensional Minkowski
spacetime.

As in the orthogonal Clifford algebraic formalism, the quantum spinor fields
classification is provided by the following spinor field classes:

1B) OB 7é 07 wB 7é 0.
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op=0, wp#0.

op=0=wp, Kp+#0, Sp#0.
cp=0=wp, Kp=0, Sp#0.
cp=0=wp, Kp+#0, Sp=0.

It is always possible to write:

op =0+0(A), (32)
Jg =J+J(A), (33)
Sp =S+ S(A), (34)
Kp=K+K(A), (35)
wp =w+w(A). (36)

In general, since we assume A # 0 (otherwise there is nothing new to prove, as
when A = 0 it implies that C¢(V, B) = Cl(V, g)), it follows that all the A-dependent
quantities o(A), J(A), S(A), K(A), and w4 do not equal zero. The expressions for
such A-independent terms are developed in the Appendix. There is an immediate
correspondence between the spinor fields in the Lounesto classification and the quantum

spinor fields that are distributed in the six classes 15) — 65) above. More precisely, all
possibilities are analyzed in what follows:

1) op # 0, wg # 0. As op # 0 and op = 0 + 0(A), we have some possibilities,

depending whether ¢ does or does not equal zero, as well as w:

i) 0 =0 = w. This case corresponds to the type-(4), type-(5), and type-(6) spinor
fields — respectively flag-dipoles, flagpoles, and Weyl ones. Such possibility is
obviously compatible to op # 0, wp # 0.

i1) 0 = 0 and w # 0. This case corresponds to the type-(3) Dirac spinor fields.
The condition ¢ = 0 is compatible to o # 0, but as w # 0, the additional
condition wp = w + w(A) # 0 must be imposed. Equivalently, 0 # w # w(A).

ii1) 0 # 0 and w = 0. This case corresponds to the type-(2) Dirac spinor fields.
The condition w = 0 is compatible to wg # 0, but as ¢ # 0, the additional
condition op = 0 + 0(A) # 0 is demanded. Equivalently, 0 # o # o(A).

iv) 0 # 0 and w # 0. This case corresponds to the type-(1) Dirac spinor fields.
Here both the conditions 0 # w # w(A) and 0 # o # o(A) must be imposed.

All the conditions heretofore must hold in order so that the B-spinor field be a
representing spinor field in class 13).

op # 0, wg = 0. Although the condition o # 0 is compatible to the possibilities
o =0 and o # 0 as well (clearly the condition o # 0 is compatible to op # 0 if
o # —o(A)), the condition wp = 0 implies that w = —w(A), which does not equal
zero. To summarize:

i) 0 = 0 and w # 0. This case corresponds to the type-(3) Dirac spinor fields.
The condition ¢ = 0 is compatible to op # 0, but as w # 0, the additional
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Table 1. Correspondence among the spinor field and the (quantum) B-spinor fields
under Lounesto spinor field classification.

Quantum Spinor Fields Spinor Fields

type-(1g) B-Dirac Dirac type-(1)
Dirac type-(2)
Dirac type-(3)
Flag-dipoles type-(4)
Flagpoles (also Elko, Majorana) type-(5)
Weyl type-(6)
type-(2g) B-Dirac Dirac type-(3)
Dirac type-(1)
type-(3g) B-Dirac Dirac type-(2)
Dirac type-(1)
type-(4p) B-flag-dipole Dirac type-(1)
type-(5p) B-flagpole Dirac type-(1)
type-(6p) B-Weyl Dirac type-(1)

condition wp = w + w(A) # 0 must hold. It is tantamount to assert that
0# w# w(A).
i) 0 # 0 and w # 0. This case corresponds to the type-(1) Dirac spinor fields.
Here both the conditions 0 # w # w(A) and 0 # o # o(A) has to hold.
3p) op = 0,wp # 0. Despite the condition wp # 0 is compatible to both the possibilities
w = 0 and w # 0 (clearly the condition w # 0 is compatible to wp # 0 if
w # —w(A)), the condition o = 0 implies that ¢ = —o(A), which does not
equal zero. To summarize:
i) w =0 and o # 0. This case corresponds to the type-(2) Dirac spinor fields.
The condition w = 0 is compatible to wg # 0, but as ¢ # 0, the additional
condition o = 0 + 0(A) # 0 must be imposed. Equivalently, 0 # o # o(A).
i) 0 # 0 and w # 0. This case corresponds to the type-(1) Dirac spinor fields.
Here both the conditions 0 # w # w(A) and 0 # 0 # o(A) must be imposed.
) O'BZOZ(UB, KB%O, SB%O
B) O'BZOZ(UB, KBZO, SB%O
B) O'BZOZ(UB, KB%O, SBZO.
All the quantum spinor fields 45), 55), and 65) are defined by the condition o = 0 =
wp. This implies that 0 = —0(A)(# 0), and that w = —w(A)(# 0). It means that all
the singular B-spinor fields correspond to the type-(1) Dirac spinor fields.

4p

D Ot

The results regarding the analysis above can be abridged in the table The
paramount importance concerning such classification is multifold. For instance, the
Dirac spinor fields in quantum Clifford algebras (B-Dirac spinor fields) correspond to
all types of spinor fields in the standard Lounesto spinor field classification. In particular,
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type-(1p) Dirac spinor fields correspond to all spinor fields in the orthogonal Clifford
algebra. A deep discussion about these results is going to be accomplished in the next
Section.

7. Concluding remarks and outlook

The mathematical apparatus provided by the quantum Clifford algebraic formalism is a
powerful tool, in particular to bring additional interpretations about the underlying
standard spacetime structures. For instance, equations (32-36) illustrate that the
distribution of intrinsic angular momentum, formerly a legitimate bivector in the
standard Clifford algebra C¢(V,g), is now the direct sum of a bivector and a scalar
when considered in CU(V, B) from the point of view of CU(V, g), evincing the different
Zp-grading induced by the antisymmetric part of the arbitrary bilinear form B.
Furthermore, now, the bilinear covariant K is a paravector — the sum of a vector and
a scalar — which is not a homogeneous Clifford element. Indeed, in C/(V,B) it is a
homogeneous 1-form, but in C¢(V] g) it is a paravector.

Some questions and possible answers can still be posed in the context of the
quantum Clifford algebraic arena. The mathematical formalism concerning quantum
Clifford algebras is rich and a plethora of relevant results can be found in the specialized
literature from the last decades. Notwithstanding, the physical relevance of such
formalism and its applications is a prominent feature to be still explored. The B-spinor
fields indicated and categorized in Table 1 can probe spacetime attributes.

We already constructed a dynamical transformation that maps types-(1), (2), and
(3) Dirac spinor fields into a subset of type-(5) spinor field [17] which is a prime
candidate in terms of which one could attempt to describe the dark matter [19,20] and to
incorporate the flagpole spinor fields into the Standard Model. Besides, such a mapping
revealed to be an instanton Hopf fibration map [16]. Furthermore, the classification
shown at Table 1 is an alternative path to encompass the above mentioned mapping
between the different spinor field classes. It can be used further to probe the existence
of an arbitrary bilinear form B endowing the spacetime structure. Physically, there
are some formulations of gravitational theories in spacetimes endowed with arbitrary
bilinear forms composed by a (symmetric) metric g and an additional (antisymmetric)
part A. From the phenomenological point of view, if such antisymmetric part can be
detected or probed, it shall be unraveled as a form that has a tiny norm when compared
to the norm of the symmetric part g, given any norm on the space of bilinear forms.

It is worth to emphasize here that it is not the first time that the Lounesto spinor
field classification is employed to probe unexpected spacetime properties. The so called
exotic (type-(5)) dark spinor fields have been used to probe topological obstructions is
the spacetime structure. The dark spinor fields dynamics imposes constraints in the
spacetime metric structure. Meanwhile, such constraints may be alleviated at the cost
of constraining the exotic spacetime topology [18]. In addition, the exotic interactions
with the Higgs boson can make it phenomenologically explicit that a subset of type-
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(5) spinor fields is a prime candidate to describe the dark matter [19,20]. In particular,
observational aspects of such a possibility has been proposed at LHC [21]. The formalism
presented here can bring some new light on the possibilities of probing the spacetime
structure, here provided by the alteration of the spacetime metric structure by the
addition of an antisymmetric part to the metric.
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Appendix A. Primitive idempotents in C ® C/; 3 and in C® Cfffg

In this appendix we use notation from Sections IV and V. Recall that the Dirac spinor
is an element of the minimal left ideal S = (C® C?, 3) f which is generated by a primitive
idempotent f shown in (13). Then, as it can be easily checked, either by hand or with
CLIFFORD [22], a basis for S may be chosen as

S =(C®Cl3)f =Spanc{f, —ewsf,esf, er0of} = Spanc{f, —ewsf,esf,e1f}. (A1)

The idempotent f is primitive which means it cannot be written as a sum f = f; + fo
of two non zero mutually annihilating idempotents, that is, satisfying fifo = fof1 = 0.
The fact that f is primitive follows from the isomorphism C® C¢; 3 = Clsy 5 = Mat(4, C)
and the fact that the Radon-Hurwitz number r,_, for the signature (2,3), i.e., where
p=2,q =3, is 1. This in turn implies that any idempotent in C/s 3 of the form

f=3(1%e;,)5(1%ey), (A.2)

where e;,, 7 = 1,2, are commuting basis monomials in Cfs 3 with square 1 is a primitive
idempotent in Cly3 [23]. In fact, the number k£ of non-primitive idempotent factors
in (A.2) equals k = 3 —r3_9 = 2. Thus, the Dirac standard representation of the
algebra C ® C/; 3 in the ideal S yields the well-known Dirac matrices v,, 1 = 0,1, 2, 3:

10 0 0 00 0 —1
o1 0 o oo -1 o0
=l o0 -1 ol """ lo1 o ol
00 0 —1 10 0 0
0 0 0 i 0 0 —1 0
0 0 —i 0 0 0 01
g 0 —i oo ™ 1 0 00 (A-3)
i 0 00 0 -1 0 0

which represent, respectively, the algebra generators eg, €1, €2, €3. Since the idempotent f
is primitive, the ideal S is minimal, and the representation (A.3) is faithful and
irreducible. By alternating signs in the idempotent f shown in (13), we get three
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additional primitive idempotents. Thus, we get four primitive idempotents f1, fa, f3, fa
which are mutually annihilating and which provide a decomposition of the unity, namely,

fi= i(l +eo)(1+ien), fo= i(l + e0)(1 —ieia),
.f3 = i(l - 60)(1 + ’é€12), f4 = i(l — 60)(1 — ’é612). (A4)

Where f1 = f, flz = fi, fzfj = fj.fl = 0, fOI‘ Z,] = 1,. .. ,4,’é 7é], and fl—l—fg—l—fg—l—f4 =1
in C X C€173.

As it was shown in (23), the primitive idempotent f in C® Cf; 3 generalized to the
idempotent fz in C® Cffg which we recall here in the notation from Section V:

f = 11 +70) (1+ im )
= i(l +70) (1 +97172) + i(A12 + A7 — Aoemr + Aoiz)- (A.5)

The fact that this idempotent is primitive follows from the algebra isomorphism
Cly3 = ClP4 [13,24] extended to C® Cfy 3 = C ® ClP;. Notice that the generators
€o, €1, €3, €3 satisfy the following relations in C’EE?,:

(e2) +1 for ¢ = 0; d N 0 i oy (A.6)
e\ = and e; e;+e; e = or 1 ) )
VET 1 fori=1,2,3, B’ g J

These relations generalize the defining relations satisfied by these generators in C/; 3.
Thus, the four primitive idempotents (A.4) extend to four primitive mutually
annihilating idempotents in C ® CEE?), namely,

f5=301+ VO)B(l + WlBVz)
= i(l +70) (1 +i7172) + ﬁ(A12 + A1270 — Aooni + Aoiz),

(1 +i71B72)
= i(l - 70)(1 + i%%) - i(—A12 + A1270 — Ao + Aoﬂz),
fz=101- 70)3(1 - i71372)
= i(l —%)(1 —inv2) + i(—A12 + A1y — Aoay1 + Aoiy2), (A.7)

where fy = fo, (f5)* = fs foft = fofp = 0, for i,j = 1,....4,4 # j, and
fe+fa+ [+ f5=1inCoClP,.

Thus, we can now consider the minimal ideal Sp = (C ® Clf,) fp in C® ClP; (see
(31)) whose elements are the B-spinors. It can be easily checked that a basis for this
ideal generalizes the basis (A.1) for S C C® Cf; 3 and is given by

Sp=(C® Cfﬁg)fB = Spanc{ [z, —€1B€3BfB> €3B€0BfB, €1B€0BfB}
= Spanc{fp, —e1 es fn.es fo, 1 fa}. (A.8)
For completeness, we provide an explicit form for the symbolic (non-matrix) basis (A.8):

fB = i((l + Algz)l + (1 + iA12)60 — ’éA02€1 + 'éA01€2 + ’é€12 + ’é€012),
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—€1BestB = 1((iA23 — A13)1 + (iAas — Ars)eo + Agzer — tAozes — (Aor — i Ag2)es
—e13 + iea3 — eo13 + i€o23),
€3BfB = 1(—(Aos + 1Ag3A1o + 1Ag1 Aoy — iA13A02)1 + i Aoger — iAizes +
(1 +1A12)es — iAageqr + 1A1ze0e — (1 4+ 1A12)eqs — iApsers +
iAgze13 — iAg1€23 — i€0123 + P€123),
eleB = H(—(Ag1 — iAo2)1 + €1 — ies — g1 + iega), (A.9)

where 1 denotes the unity of C ® C'Effg. Of course, when we set A;; = 0 for all the
coefficients of the antisymmetric part A appearing in (A.9), we obtain back the explicit
basis for the ideal S = (C ® Cfl3)f shown in (A.1). Due to the relations (A.6),
the gamma matrices (A.3) also represent the generators eg, ey, ez, e3 in the faithful
and irreducible representation of the algebra C @ C¢¥ 13 in the ideal Sp. This can be
checked directly by computing these matrices in the explicit symbolic basis (A.9) with
CLIFFORD [22].

Appendix B. Additional terms in the quantum spinor fields

Recall from (31) that a B-spinor has the form
(Wn) (fB) = (V) J+0(A) f+ () [(A)+ (¥(4)) f(A). (B.1)

B
where the term (w)Bf is the classical spinor field displayed in (15). The remaining terms

in the above expression represent correction terms and are provided by:

(a) The term —4z'(w(A))Bf(A) is given by

p [5013 (Ao1 (Ao1Asz + AzgAszy + A12Aszg) + A1 A1z + AgzAzo)
+b°%% (Agz (Ao1Ass + Ao Azt + A12Az0 + Aso) + A12A13 + Aoz Aso)
+5'% (A2 (Ao1Ass + Ao Asi + A12Az) — AasAsg — Az1An)
+b°1% (A0 Ao + Ao Aoz + A12A12)]
+70 [p (A13A0 — Aaz Aoy + 2A10A10A13 + Aoz AsgAia + AszAgiArg) + sAjs]
+71 [p (A12A13 — A1 A2z — Aoz Ao + Ao1A20Asz + Aot Az A1z + Ag2A12A03
+ApsA12A91 + AazAniAro) + sAoi]
+72 [p (AosAzo + A1 A1 Ase + A13A01 Aoz + A13A20A02) + sAo2)
+73 [p (Ao1Aor + Ao2Ao2 + ApeA12A13 + A1 Asg Ao + AgaAsAir + Ag1A12413)]
+701 [p (b°"? (A13As0 + An1Aszo) + 0% (Ags A1z + A13Asg) — b'%° AgsAs) |
02 [p (B A1z Agr + b A13Ag + b7 A13A4) ]
703 [p (b Ag1Ars + b2 AgpArs + b7 A1 Ay ) |
+12 [p (0”2 A1 Aso + b7%° Azo Aoy + 0'%* (A3 Az + AssAor))]
+31 [p (0°"? Ag1Ago + b7 Agy Ao + 0 A1 Ag) |

p
p
p
[p
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+723 [P (5013/101/110 + %% Ay Ago + 5123/112/110)}

+7023A12401

+7031 (Ao1 A1z + A1 Az + Az Ap1)

+7012 (AozA12 + Ai3A49) . (B.2)
The term —42’(2/)(A))Bf is given by

[5023 (Aoz + Aoa) + b7 Ags + 072 Agy + 0% Ag1 Az + b (A0 As1 + Aoz Aan)
+0° A1z + b* Ao + blez}
+% [501 ((Aor + Aso) A1z + Azg) + b°% (A1g + A12A5)
+0%% (Ag1Asg + AggAszg + A12Asz) + bA1s
+p (A2 + AgoAiz + Ao (Aaz + Ais) + AspAia)]
+mn [501 (Ao (Aor + Agz) + A1z (Ao + 1)) + bAs
+b'% ((Ar2 + Ag2) Azg — A1) Aot + 0" (Asa (Ao + Azo) + A12A30)}
+72 [502/121 + b2 Az + b7 (Ag1 Asz + A12As1 + AggAss + bAg
+p (A12A31 + 2402 (Ao1 431 + Ag1A30) + A20A2))]
+73 [ (—Ao1Aor — Ag2Aoz + A12A12) + b Aoy + 1" (Ag1 Az + Aso)
+b07% A (Aoz + A01A13)}
+701 [5013 (As1Ago + A1aAso + Az Aor) — b2 (AgsArz + 2A13A2)
+b0"% Ags (Ara + Aga) + Ay + blA21}
+702 [5013/131/101 + %% (A2 Ao1 + A0 Az + AsoAra) + b Az Ao
+b°2 Ap1 Aoy + (0 + %) Aoy
03 (2072 Agg + b Ay)
+712 [blAm + 0% Aga + 0" Arg + 0% (A3 Aot + Aoz Azo)
+b'% (Az0Ao1 + AsoArz + AzAs1)]
—31 (0% Ag1Agg + b"? A1 Agg + b2 Agy)
+723 [0"%2 Arg + 0% (A0 A1z + Azo + Ao2Aor) + P Ay
023 [0 A10 + 0P A1z + p (A0 A1z + Az + An1Avg)]
013 [p (2420402 + Ag1) + b Aga + 0P Ay
+Y012 [bOIAm + 0% Ags + b2 Ars + p (AgaAos + A1z Az + A21A20)}
+7123 [P (Ag1 4 AsgAsg) + b7 Agg + 513/110]
0123 (b°12 A1 + 7% Agg + b'*P Ay5) (B.3)

The term —42'1/)Bf is given by

[5012 (Ag1A1p — 1)+ VP13 Agi Apg + 09 Ay + b1 (Asg — Az Ay)
+p (Ao (Azs + Ais + A1 Ar2) + Aor (Asg + Aszr) + (Aar — 1) Ags)]
+70 [0 (A21Aor + Aoz + A1g) + 0% (A1 Az + Aot + Az)
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+b% (Ao2As1 + A2z Aor + Aso) + b*' (A1 Az + Ass)
+p (Az0A20 + Az Aor + Az1 Ao A1z + AzoAo1 A1z + Az Az
+Az2A01 + A1 A1 (Aoz + Aszo) + 5023/123/121)
+b'% (Ag1 A1z — 1) 4+ 0 (A3 — AsaAla)]
91 [0 (A2oA1o + Ara +2) + 0% (Ao Aoz — 1) + 0% (Az2 — A3pAno)
+b°1 (Ag1Asz + A1aAso + Aso)
+b'% (Az0A12 + Aor + Aoz) + b* (Aso + Az As)
+p (A Ag1 Aoz + AsoAzAi2)]
+72 [0 (Ar0Aor — 1) 4 0% (AzgAor + A1z + 2) + 0% (A30401 + Ais)
+b°" (A10As1 + Aso) + ' (A1o A1z + Aoz) + 0™ (Asp Az + As1As)
+p (Ao1 (A12A30 + Asz2A10) + Ass)]
75 (6" Ags 4+ 2% + 20" Ajg + 267 Agg + pAs)
+701 [07P Aoz A1 + 07 Agz Ara + b (Ars 4+ AszAra) 4+ 07 Asg
+p (Ago (Az2A10 + Az1Az) + Az + A12A453)]
02 [B7 Aoz + b7 A1 4 b1 Agy + 0% (Ag0Aar + Aoz Aor + A13Az)
+p (Ao (Az2A10 + Az1As0) + Ass)]
+703 (b'*° Asz)
+712[0" (Aa1 + A2 Aor) + 072 Agy + b2 Agg(Agy + Asg)
+b°1%(Ag1 + AosAro) + p(Aso A1z + Az A1g + A13Az)]
751 (0" A1 + pAga Ao
+7012 [bOIAm + 0% Ags + b2 Ars + p (AgaAos + A1z Az + A21A20)}
013 [p (A20A21 + Arg) + 0% Agg — b7 + b7 Ay
023 [0 A1 4 0> + b Arg + p (AroArz + Aoz + A1 Aot) ]
+123 [p(A21 (Aso + Asz) + A10As2) + 0% Aoz + 0> A
0123 (b2 Aoz + b'*° Ap) (B.4)

(d) The term —42'2/)Bf(A) is given by

[boAm +b? Ao + blez}
+% [bm (Ar2Ao1 + A2 Aar + Agg) + b% (Arg + A1z Az)
+b% (A1 Asz + Azz Aoz + Ar12A430)
+bA15 + pAig (Ag0Ais + Ase Aot + AsoAiz + ArpAss)]
+Mn [bm (Ao (Aor + Ao2) + A1z (Aot + 1)) + 5" (Ao + A2 Az + A12As)
+b'% (Ao1Asz + A2z Aoz + A12A30) + bAsg
+p (A12423 + A19Asz0 + Ag2A01 Az3)]
2 [0 Aoy 4 02 Agg + b* (A12As0 + Asp Aot + AzoAsy)
+p (2410431 + 2A12A30 + Aso) + A12A31]
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+73 [Azvoz + AroAor + A12A12 + 0P A + 0" (Ao + Aot An) + 523/101}

701 [B7 (AosArz + As1Azg) + b2 Agg(A1a 4 Aga) + b°'% (Arg + A0 An)
+b°1% Aga Ao + 0 Agg + b' Ay

Fy0n [B3 Agi Azt + 012 Agp Aot + 2 (Agg + Az Ant)
+0"%% (Ag3Aor + AaAz + AzoArz) + b0 Agr + bzAm}

+703 (672 Ag)

12 [B7P Ag1 Azt 4 0 (A0 Az + AsoArs + AspAor)
+5923 (A13A01 + AgzAap) + b Agy + bzAOQ}

+713 (5013/112 + 0B Ag; + VOB Ag, + bngg)

+723 [0 (Ao1(Aoz + A1) + Asgo) + 072 Ay (B.5)

References

1
2

| Hawking S W 1982 Commun. Math. Phys. 87 395
] Chevalley C 1954 The Algebraic Theory of Spinors (Columbia Univ. Press)
3] Oziewicz Z 1997 Adv. Appl. Clifford Algebras 7 (Suppl.) 467
4] Fauser B 1998 J. Math. Phys. 39 4928
5] Fauser B 1996 J. Math. Phys. 37 72
(Fauser B 1996 Preprint arXiv:hep-th/9504055)
[6] Fauser B 1999 J. Phys. A: Math. Gen. 32 1919
[7] Oziewicz Z 1995 Clifford Algebras and Spinor Structures, Special Volume to the Memory of Albert
Crumeyrolle, eds Abtamowicz R and Lounesto P (Dordrecht: Kluwer) 397-412
[8] da Rocha R, Bernardini A E and Vaz J Jr 2010 Int. J. Geom. Meth. Mod. Phys. 7 821
(da Rocha R, Bernardini A E and Vaz J Jr 2010 Preprint arXiv:0801.4647 [math-ph])
9] Moffat J W 1995 Phys. Lett. B 355 447
(Moffat J W 1995 Preprint arXiv:gr-qc/9411006)
Moffat J W 2005 JCAP 05 3
(Moffat J W 1995 Preprint arXiv:astro-ph/0412195)
[10] Janssen T and Prokopec T 2007 JCAP 05
(Janssen T and Prokopec T 2007 Preprint arXiv:gr-qc/0703050)
Janssen T and Prokopec T 2007 J. Phys. A 40 7067
(Janssen T and Prokopec T 2007 Preprint arXiv:gr-qc/0611005)
Mao Y, Tegmark M, Guth A and Cabi S 2007 Phys. Rev. D 76 104029
(Mao Y, Tegmark M, Guth A and Cabi S 2007 Preprint arXiv:gr-qc/0608121)
Prokopec T and Valkenburg W 2006 Phys. Lett. B 636 1
(Prokopec T and Valkenburg W 2006 Preprint arXiv:astro-ph/0503289)
[11] Rodrigues W A Jr 2004 J. Math. Phys. 45 2908
(Rodrigues W A Jr 2004 Preprint arXiv:math-ph/0212030)
[12] Mosna R A and Rodrigues Jr W A 2004 J. Math. Phys. 45 2945
(Mosna R A and Rodrigues Jr W A 2004 Preprint arXiv:math-ph/0212033)
[13] Lounesto P 2002 Clifford Algebras and Spinors 2nd ed. (Cambridge: Cambridge Univ. Press)
[14] Crawford J P 1985 J. Math. Phys. 26 1429
[15] Holland P R 1986 Found. Phys. 16 708
[16] da Rocha R and Hoff da Silva J M 2010 Adv. Appl. Clifford Algebras 20 847
(da Rocha R and Hoff da Silva J M 2010 Preprint arXiv:0811.2717 [math-ph])
[17] da Rocha R and Hoff da Silva J M 2007 J. Math. Phys. 48 123517
(da Rocha R and Hoff da Silva J M 2007 Preprint arXiv:0711.1103 [math-ph])

[
[
[
[
[



Bilinear Covariants and Spinor Field Classification 20

[18] da Rocha R, Bernardini A E and Hoff da Silva J M 2011 JHEP 04 110
(da Rocha R, Bernardini A E and Hoff da Silva J M 2011 Preprint arXiv:1103.4759 [hep-th])
[19] Ahluwalia-Khalilova D V and Grumiller D 2005 JCAP 07 012
(Ahluwalia-Khalilova D V and Grumiller D 2005 Preprint arXiv:hep-th/0412080)
[20] Ahluwalia-Khalilova D V and Grumiller D 2005 Phys. Rev. D 72 067701
(Ahluwalia-Khalilova D V and Grumiller D 2005 Preprint arXiv:hep-th/0410192)
[21] Dias M, de Campos F and Hoff da Silva J M 2012 Phys. Lett. B 706 352
(Dias M, de Campos F and Hoff da Silva J M 2012 Preprint arXiv:1012.4642 [hep-ph])
[22] Abtamowicz R and B. Fauser B 2013 CLIFFORD with Bigebra—A Maple Package for Computations
with Clifford and Grassmann Algebras http://math.tntech.edu/rafal/
[23] Abtamowicz and Fauser B 2011 Linear and Multilinear Algebra 59, No 12 1359-81
[24] Abtamowicz R and Lounesto P 1996 Clifford Algebras with Numeric and Symbolic Computations,
eds Abtamowicz R, Lounesto P, and Parra J (Boston: Birkh&user) 167-88.



