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Abstract: Generators of rings of invariants and the ideal of relations are computed for Salingaros’s vee
groups of orders 4, 8, and 16.

1 Introduction

This article begins with a summary of major theorems from [3] which provide a method of finding an ideal
of relations for representations of finite groups. In particular, these methods are applied to Salingaros’ vee
groups of orders 4, 8, and 16 whose irreducible representations were computed in [2]. Salingaros’ vee groups
are discussed in [5, 6, 7]. The main purpose of this article is to compute generators for the rings of invariants
for the Salingaros’ vee groups, and then compute the ideal of relations for these groups. In this article all
computations are performed with a package [1] for Maple.

2  Summary of major theorems

In this section, we discuss major theorems needed to compute the ring of invariants k[xq, ..., z,]¢ and the
ideal of relations for a finite group G. These results will be used in later sections where for G we will take
the Salingaros’ vee groups of orders 4, 8, and 16.

First, we introduce the definition of Reynolds’ operator as follows.

Definition 1. Given a finite matrix group G C GL(n, k), the Reynolds’ operator of G is the map Rg :
klx1,...,zp] — E[x1, ..., z,] defined by the formula

Rdmw:%inx> (1)
geG

for f(x) € k[z1,...,2,). Here, x denotes a column vector [zy,...,z,]" and A - x denotes the action of a
matrix A on x by the left matrix multiplication (see [3, P. 329] for more details).

The following theorem can be used to find finitely many polynomial invariants that generate the ring of
invariants k[xq, ..., 7,]¢ of the group G. Notation is taken from [3] where all proofs can be found.

Theorem 1. Given a finite matriz group G C GL(n, k), we have
Her, - 2al® = KR(?) - 8] < |G 2)

In particular, k[zy,...,2,]¢ is generated by finitely many homogeneous invariants.
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Theorem 1 guarantees that there are finitely many invariants fi,..., f,, such that k[zi,...,2,]¢ =
k[f1,-.., fm]. Suppose that g1 and g2 are polynomials in k[y1, .. ., ym], then
gl(fla o afm) = gQ(fla o afm) — h(fh o ’fm) = 05 (3)

where h = g1 —g2. It follows that uniqueness of the algebraic relations fails if and only if a nonzero polynomial
h € kly1, ..., ym] exists such that

h(f1;--., fm) =0. (4)

Such nonzero polynomial h is a nontrivial algebraic relation among fi,..., fm. The following important
definition introduces an ¢deal of relations also called a syzygy ideal.

Definition 2. If we let F = (f1,..., fm), then the set
Ir={he€kly, . .,ym) :h(f1,.. ., fm) =0 in K[z1,...,z,]} (5)
records all algebraic relations among fi,..., fim.
The set Ir has the following properties.
Proposition 1. If k[z1,...,2,]% = k[f1,..., fm], let Ir C k[y1, ..., ym] be as in (5). Then:
(i) Ir is a prime ideal of kly1, ..., Ym].

(ii) Suppose that f € k[ry,...,2,]¢ and that f = g(f1,..., fm) 5 one representation of f in terms of
fi,.-, fm. Then all such representations are given by

f:g(fla---afm)+h(f1a---afm>a (6)

as h varies over Ip.

Proposition 2. If k[z1,...,2,]% = k[f1,..., fm], let Ir C k[y1,...,ym] be the ideal of relations. Then
there is a ring isomorphism

Ky, yml /I 2 K[z, 2] (7)
between the quotient ring of Ir and the ring of invariants.
Proposition 3. If k[z1,...,2,)¢ = k[f1,..., fm], consider the ideal
Jr={fi—=y1, s fm —Ym) CE[T1, - s Tny Y1y s Ym]- (8)

(i) Ir is the n-th elimination ideal of Jp. Thus, Ir = Jp 0 kly1,.. ., Ym].

(i) Fiz a monomial order in kl[x1,...,Zn,Y1,---,Ym] where any monomial involving one of x1,...,x, s
greater than all monomials in k[y1, . . ., ym] and let G be a Groebner basis of Jp. Then G N kly1, .. ., Ym)
is a Groebner basis for Ir in the monomial order induced on kl[yi, ..., Ym)].

Example 1. The invariants of Cy = {15} C GL(2, k) are given by

klx1, 22 = k[a?, 23, 2122]. 9)



Let F = (22,23, 7122) and let the new variables be u,v,w. Then the ideal of relations is obtained by
eliminating x,, xo from the equations
2

u =7,
v =13,
w = T1T2. (10)

If we use the lex order with x1 > z9 > u > v > w, then a Groebner basis for the ideal Jp = (u — x%, v —
x3,w — x172) consists of the polynomials
x% — U, T1Ty — W, T1V — ToW, T1W — T, x% — v, uv — w?. (11)

It follows from Proposition 3 that Ir = (uv — w?). This says that all relations between 2%, 23, and z122 are
generated by the obvious relation z323 = (x1x2)2. Then, Proposition 2 shows that the ring of invariants can
be written as

Elx1, 22)°? 2 Efu, v, w]/ (uv — w?). (12)
Example 2. The cyclic matrix group Cy C GL(2, k) of order 4 can be generated by

A= ((1) ‘é) (13)

klz, $2]C4 = [x% + x%, xi’xg - xlxg, x%xg] (14)

and

Putting F = (2% + 23, 2322 — 2123, 2323), the ideal Ir C k[u,v,w)] is given by Ir = (v?w — v* — 4w?). By
Proposition 2, the ring of invariants can be written as

Elx1, 29)* =2 Efu, v, w]/ (u*w — v* — 4w?). (15)

3 Rings of invariants for the Salingaros’ groups

In this section we describe the process of computing the syzygy ideals of Salingaros’ vee groups G, 4 C C¥,, 4
of orders 4, 8, and 16 using the above Propositions and SymGroupAlgebra, a package for Maple [1].

3.1 The groups of order 4

The vee groups G0 and Gy 1 of order 4 are isomorphic to Dy =2 Zg X Zy =2 Cy x Cy and Zy =2 Cy, respectively.
Computation of their irreducible representations of degree 2 and higher can be found in [2]. Now consider
results for the above groups separately.

First, consider the group G = Cz x C2 which we can write as the matrix group Gy o = {E, 4, B,C}
where

1 00 0 10 0 0
0100 01 0 0

E=10 01 o] A=100 -1 o |
00 0 1 00 0 -1
-1 0 0 0 -1 0 0 0
0 -1 0 0 0 -1 0 0

B=10o o 100" %o 0o -1 o0 (16)
0 0 0 1 0 0 0 -1



The ring of invariants k[x1, T2, 23, 4] is computed using Theorem 1. It is generated by six polynomials.
That is,

k[xlax25x35x4]cl,0 = k[x?5 x%) x%) xi; T1T2, $3$4]. (17)

Then the two non-trivial relations on these polynomials are exactly the two polynomials in ¥, . .., ys gener-
ating I'r as shown below.

Ir = (Y3 — Y193, Y3 — Yayo)- (18)

Now consider the group Gy ; = Cy which we can realize as the matrix group Go 1 = {E, A, B, C} where

E‘((l) (1)> A_((l) _01>’ B_(_ol —01>’ C‘(—O1 (1)> (19)

The ring of invariants k[xq, 75]9°1 is again computed using Theorem 1. It is generated by three polyno-
mials. That is,

klz1, o, w3, 2|10 = klafa3, o3 + a3, zizs — 123, (20)
Then there is only one non-trivial polynomial relation in ¥, ..., ys generating Ir as shown below.
Ir = (y2ys — yi — 493)- (21)

3.2 The groups of order 8

Since the vee groups G20, Gi,1 and Gy 2 of order 8 are isomorphic to D4, D4 and Qu, respectively, their
character tables and their representations are computed in [2]. Now we present results for each of these
groups separately.

First, let’s consider G . Using a degree 2 representation from [2], the ring of invariants k[ry, z2)%20
is found to be generated by twenty four polynomials while the ideal of relations Ir happens to be the zero
ideal Ir = (0). This means that there are no non-trivial relations among the invariants. The quotient ring
kly1, ..., y24]/IF is essentially isomorphic to k[yi, . .., y24]. Intuitively, the quotient ring k[y1, .. ., y24]/IF is
a simplified version of k[yi, ..., y24] where the elements of Ir are ignored.

Now consider G . The ring of invariants k[zy, x5)“%2 is generated by five polynomials. That is,

G 2 2 4 4 5 5 2.6 6.2 .5 5
klz1, 22]7%% = klxfxs, x5 + o7, w125 — xix0, TITs + X725, TITo — T1T5). (22)

Then, the three non-trivial relations on these polynomials are exactly the two polynomials in yi,...,ys
generating I as shown below.

Ir = (Y3 — y1ys + 2u2ys, Y5 — y1 — 242, Y3 — o). (23)

3.3 The groups of order 16

The vee groups Gz, G2.1, G1,2 and Go 3 of order 16 are denoted by Salingaros as S, €1, Si, and (s,
respectively. Their character tables and their irreducible representations are computed in [2]. Now consider
results for each of these groups separately.



First consider Gso or Gy 2. Then, using the degree 2 representations from [2], rings of invariants
k[z1, 22)%3° and k[xy, 15]%12 are computed. Each of them is generated by thirteen polynomials. Later,
we compute the corresponding syzygy ideals. Then, the sixty one non-trivial relations on these polynomials
are exactly the sixty one polynomials in y1, ..., y13 generating Ir as shown below.

Ir = (1912913 — Y2y10 — Yay11 + Yayi1, Y — Y1y + YsUs — 203, Y2ys — Yaya + Y2lYs — Ya¥s, Y3 — Y1ys — 203,
Yos — Y1Ys5 — Y3Ys, YsYa — Y2ls — Ya¥s, Ui — Y3Ys — 2Us, YaYe — Y17 + Y3y — 2Us5Y0, YsYs — Y1Ys + Yayo—
Yayo, Ya¥s — Y1y — Y3Yo, YsYs — Y249, Yg — Y110 + Ysyi1 — 2Usyi1, Yayr — Y1ys + Yako — Yalo, Ys¥r — Y1y

~2y5Y9, Yayr — Y2Yo — YaYo, YsY7 — YsYa, Yoy — Y2Y10, Y7 — Yiya1 — 2YsYii, Y2Ys — Y1¥o — Y3Ye, YsYs — Y2Yo
—Yalo, Yays — Y3Yo — 2YsYo, Ysys — YaYo, YeYs — Y1Y11 — Y3Y11, Yr¥Ys — Y2Y11 — Yay11, y§ = Ysy11 — 2ysy11,
YeY9 — Y2Y11, Y7Y9 — Y3Yi1, Ys8Y9 — YaY11, yS — YsY11, Y3Y10 — Y1911 — 2Y5Y11, YaY10 — Y2Y11 — YaY11, YsY10
—Y3Y11, YeY10 — Y1Y12 + Y2Y13 — Y4Y13, YrY10 — Y1¥13 — 2Y5Y13, Y8Y10 — Y213 — Y4Y13, Y9Y10 — Y3Y13, y%o_
Y1 — 2Ys, YeY11 — Y2Y13, Y7Y11 — Y3Y13, YsY11 — YaY13, YoU11 — YsY13, Y10Y11 — Y3, y%1 — Y5, Y2Y12 — Y1Y13—
Y3Y13, Y3Y12 — Y2Y13 — YaU13, YaY12 — Y3Y13 — 2YsY13, YsY12 — YaY13, Y6Y12 — Y1 — Y3, YrY12 — Y2 — Y4, YsY12
—Y3 — 25, YoY12 — Y4, Y10¥12 — Y6 — Ys, Y11Y12 — Y8, yfz — Y10 — 2y11, Y6Y13 — Y2, Y7Y13 — Y3, YsY13 — Y4,
Yoy13 — Ys, Y10Y13 — Y7, Y11¥13 — Y9, Y13 — Y11) (24)

Now consider G2 1. In a similar manner, the ring of invariants k[z, 722 is computed using Theorem 1.

It has been found to be generated by twenty four polynomials. The ideal of relations Ir happens to be the

zero ideal.

For the group Gy 3, the ring of invariants k[x1, 2] 902 is generated by twenty polynomials. Then the one
hundred and five non-trivial relations on these polynomials are exactly the one hundred and five polynomials
in y1,...,y20 generating Ir as shown below.



Ir = (vl — yiv3yr + 4ysyiynr — 6yyr, 4u3y1sy20 + Y31 — Yaysyis, Y1yin — 205551 — Yavayis + 4Yaysyiz—
2y4ys5Y1s, Y2yi1 — Y1YsY1s + Ysysyis — 4Y3Yis, YsYiL + 2055 — YoUsyis + Yals iz, Yayii — Ysysyist
29313, Yi1Y20 — Y3Ys + 295, Y1Y16Y20 — Y31 — YaU12, Y2Y16Y20 — Y1y13 + Y3Y1z — 295513, 291917920 + Y1 —
2y2113 + Yay13, Y2y17Y20 — Y3Y13 + YsY1s, 2YsY17Y20 — Y11 — YaY1s, Yayi7Y20 — YsYis, 4Ysyiryz0 + Y — Yals,
Y1Y18Y20 — 2Y5Y18Y20 — Y2Y15 + YayY15, Y2Y18Y20 — Y3Y15 + YsY15, Y3Y18Y20 + 2YsY18Y20 — Y4Y15, YaY18Y20—
YsY1s, Y1Y19Y20 — Y2Y16 — Y217 + Yay17, YryioY20 — Y2yis — 2YaYis, Yo — Y1Ys + YsYs — nga Y2Y3 — Y1yat
YoUs — YaYs, Y3 — Y1Ys — 2Y5, YoYa — Y1Ys — YsYs, YsYa — Y2Us — YaYs, Y3 — YsYs — 293, Yo7 — 1Yo — Yayi1,
YsYr — Y111 — Ysyi1 — 2Ysyit, Yayr — Yayi1 — 20aYi1, YsYr — Y3Yi1 — YsYi1, Y5 — Y11 — Yayiz + Va3, Y2y
—Y1Y11 — Y3Y11, Y3Y9 — Y2Y11 — YaY11, Y4Yo — YsY11 — 2YsY11, YsY9 — YaY11, Y7Y9 — Y1913 + Y3yis, yS — Y2Y13
+yayis, Yryi1 + ¥i1 — Y2y13 + yayis, Yoy11 — Ysyis + 2yUsy1s, Ysyiz — Yiyis + Ysyis — 2UsY1s, YaYi2 — Y2y,
YsY12 — YsY1s + Ysy1s, Yryiz — YiY1s — YsYis, YoY12 — Y2yis, Y11Y12 — YsYis + YsYis, Yia — Y1¥ie + Ysyir—
2ysy17, YrY13 — Y3Y1s5 — YsY1s, YoU13 — Ya¥Y1s, Y11Y13 — Ys5Y15, Y1213 — Y1Y17 — Y3Y17, y%g — Y3y17 — 2YsY17,
Y7y15 — Y2y16 + 2Yay17, YoUY1s — Y117 + 2Ysy17, Y11Y1s — Y2y17 + YaYi7, Y12Y15 — Y1Y1s — Y3Y1s, Y13Yis—
Ysy1s — 2ysyis, Yis — Y1920 + 2UsY20, Y3Y16 — Y1y17 — 2YsY17, YaYie — Y2Y17 — Y417, YsYi6 — YsY17, Yryi6—
Y1Y1s — Y3y1s — 2YsY1s, YoY16 — Y2Y1s — YaY1s, Y11Y16 — Y3Y1s, Y1216 — Y1Y19 + Y2Y20 — Y4Y20, Y13Y16 — Y2Y20
—Y4Y20, Y15Y16 — YrY19 + Y9¥20, y%ﬁ} — Y1 — 2Ys5, Yry17 — Y3Y18 — YsY1s, YoU17 — YaY1s, Y11Y17 — Y518, Y12Y17
—Y2Y20, Y13Y17 — YaY20, Y15Y17 — YoY20, Y16Y17 — Y3, 957 — Ys, Y7Y18 — Y1Y20 + Y3Y20, Yoy18 — Y220 + Yay20,
Y11Y18 — Y3Y20 + 2Ys5Y20, Y12Y18 — YrY19 T 2YoY20, Y13Y18 — YoY20, Y15Y18 — Y2 + Y4, Y16¥Y1s — Y7 + Y11, Y17Y18
—Y11, yfg — y16Y20 + 2Y17Y20, Y2Y19 — Y1Y20 — Y3920, Y3Y19 — Y2Y20 — Y4Y20, Y4Y19 — Y3Y20 — 2Y5Y20, Y5Yy19—
Y4Y20, YoY19 — YrY20 — Y11Y20, Y11¥19 — YoY20, Y12¥19 — Y1 — Y3, Y13Y19 — Y3 — 2Ys, Y15Y19 — Y7 — Y11, Y16Y19
—Y12 — Y13, Y17Y19 — Y13, Y18Y19 — Y15, yfg — Y16 — 2Y17, Y1220 — Y2, Y13Y20 — Y4, Y15Y20 — Yo, ygo — Y17, Yo

+y7, ys + ¥, Y10 + Y11, Y14+ Y1s)- (25)

4 Conclusions

In this article, the theory of invariants of finite groups has been applied to irreducible representations of
Salingaros’ vee groups. In particular, we have discussed the rings of invariants and the syzygy ideals for
Salingaros’ vee groups of orders 4, 8 and 16.

In Section 2, the author summarized important results regarding the theory of invariants of finite group
which she used in Section 3 to compute the rings of invariants and the syzygy ideal for the Salingaros’ vee
groups of orders 4, 8 and 16.

All computations were performed with a help of the Maple package SymGroupAlgebra.
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